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CHAPTER 1

Introduction

These notes are taken from the final part of a class on rectifiability given at the University
of Ziirich during the summer semester 2004. The main aim is to provide a self-contained
reference for the proof of the following remarkable theorem

THEOREM 1.1. Let p be a locally finite measure on R™ and o a nonnegative real number.
Assume that the following limit exists, is finite and non—zero for u—a.e. x:

L B(B)

rl0 re

Then either p = 0, or o s a natural number k < n. In the latter case, a measure
satisfies the requirement above if and only if there exists a Borel measurable function f and
a countable collection {T';} of Lipschitz k—dimensional submanifolds of R™ such that

u(A) = Z f(x) dVol*(x) for any Borel set A.

i TNA

Here Vol* denotes the natural k-dimensional volume measure that a Lipschitz submani-
fold inherits as a subset of R"™.

The first part of Theorem 1.1, (i.e. if u is nontrivial then o must be integer) was
proved by Marstrand in [17]. The second part is trivial when & = 0 and & = n. The
first nontrivial case, k = 1 and n = 2, was proved by Besicovitch in his pioneering work [2],
though in a different framework (Besicovitch’s statement dealt with sets instead of measures).
Besicovitch’s theorem was recast in the framework above in [24], and in [23] it was extended
to the case k = 1 and generic n. The higher dimensional version remained a long standing
problem. Marstrand in [16] made a major contribution to its solution. His ideas were
sufficient to prove a weaker theorem for 2-dimensional sets in R, which was later generalized
by Mattila in [18] to arbitrary dimensions and codimensions.

The problem was finally solved by Preiss in [25]. His proof starts from Marstrand’s
work but he introduces many new and interesting ideas. Although the excellent book of
Mattila [21] gives a summary of this proof, many details and some important ideas were
not documented. As far as I know, the only reference for the proof of the second part of
Theorem 1.1 is Preiss’ paper itself.

As a measure of the complexity of the subject, we remark that natural generalizations of
Marstrand, Mattila, and Preiss’ theorems proved to be quite hard; see for instance [12] and
[13].

Actually, in [25] Preiss proved the following stronger quantitative version of the second
part of Theorem 1.1:
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THEOREM 1.2. For any pair of nonnegative integers k < n there exists a constant
c(k,n) > 1 such that the following holds. If u is a locally finite measure on R™ and

0 < thUpM < c(k,n) liminf’u(i(z))

< o0 or u—a.e. x € R"
10 rk 710 rk Jor p ’

then the same conclusion as for Theorem 1.1 holds.

The proof of this statement is longer and more difficult. On the other hand, most of the
deep ideas contained in [25] are already needed to prove Theorem 1.1. Therefore, I decided
to focus on Theorem 1.1.

Despite the depth of Theorem 1.1, no substantial knowledge of geometric measure theory
is needed to read these notes. Indeed, the only prerequisites are:

e Some elementary measure theory;

e Some classical covering theorems and the Besicovitch Differentiation Theorem:;

e Rademacher’s Theorem on the almost everywhere differentiability of Lipschitz maps;
e The definition of Hausdorff measures and a few of their elementary properties.

All the fundamental definitions, propositions, and theorems are given in Chapter 2, together
with references on where to find them.

The reader will note that I do not assume any knowledge of rectifiable sets. I define them
in Chapter 4, where I prove some of their basic properties. The material of Chapter 4 can
be found in other books and Mattila’s book is a particularly good reference for Chapter 3
and Chapter 5. However, there are two good reasons for including Chapters 3, 4, and 5 in
these notes:

(a) To make these notes accessible to people who are not experts in the field;
(b) To show the precursors of some ideas of Preiss’ proof, in the hope that it makes
them easier to understand.

These two reasons have also been the main guidelines in presenting the proofs of the
various propositions and theorems. Therefore, some of the proofs are neither the shortest
nor the most elegant available in the literature. For instance, as far as I know, the shortest
and most elegant proof of Marstrand’s Theorem (see Theorem 3.1) uses a beautiful result of
Kirchheim and Preiss (see Theorem 3.11 in [10]). However, I have chosen to give Marstrand’s
original proof because the “moments” introduced by Preiss (which play a major role in his
proof; see Chapters 7, 8, and 9) are reminiscent of the “barycenter” introduced by Marstrand
(see (3.17)).

Similarly, I have not hesitated to sacrifice generality, whenever this seemed to make the
statements, the notation, or the ideas more transparent. Therefore, many other remarkable
facts proved by Preiss in [25] are not mentioned in these notes.

As already mentioned above, Chapter 2 is mostly a list of prerequisites on measure theory.
In Chapter 3, we prove the classical result of Marstrand that if a € R and p # 0 satisfy
the assumption of Theorem 1.1, then « is an integer. In this chapter we also introduce the
notion of tangent measure.

In Chapter 4 we define rectifiable sets and rectifiable measures and we prove the Area
Formula and a classical rectifiability criterion. As an application of these tools we give a
first characterization of rectifiable measures in terms of their tangent measures.
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In Chapter 5 we prove a deeper rectifiability criterion, due to Marstrand for 2-dimensional
sets in R? and extended by Mattila to general dimension and codimension. This rectifiability
criterion plays a crucial role in the proof of Theorem 1.1.

In Chapter 6 we give an overview of Preiss’ proof of Theorem 1.1. In this chapter we
motivate some of its difficulties and we split the proof into three main steps, each of which is
taken in one of the subsequent three chapters. Chapter 10 is a collection of open problems
connected to the the various topics of the notes, which I collected together with Bernd
Kichheim.

In Appendix A we prove the Kirchheim—Preiss Theorem on the analiticity of the sup-
port of uniformly distributed euclidean measures, whereas Appendix B contains some useful
elementary computations on Gaussian integrals.

I wish to thank Matteo Focardi and Andrew Lorent, who carefully read these notes and
helped me with many comments and suggestions, and Filippo Pellandini, David Pumberger,
and Stefan Wenger, who followed the last part of my course.






CHAPTER 2

Notation and preliminaries

In this section, we gather some basic facts which will be used later in these notes. For
a proof of the various theorems and propositions listed in the next sections, the reader is
referred to Chapter 1 and Sections 2.3, 2.4, 2.5, and 2.8 of [1].

1. General notation and measures

The topological closure of a set U and its topological boundary will be denoted respec-
tively by U and oU. Given z € R and r > 0, we will use B,.(x), B,(z), and dB,(z) to
denote, respectively, the open ball centered at x of radius r, its closure, and its boundary.
A k—dimensional linear subspace of R™ will be called a k—dimensional linear plane. When
V' is a k—dimensional linear plane and x € R™, the set x + V will be called a k—dimensional
affine plane. We will simply use the word “plane” when there is no ambiguity as to whether
we mean a linear or an affine plane. When x and y are vectors of R”, we will denote by
(x,y) their scalar product. When A and B are matrices and z is a vector, we will denote
by A- B and A - x the usual product of matrices and the usual product of a matrix and a
column vector.

In these notes we will always consider nonnegative measures p, though many theorems
can be generalized to real and vector—valued measures with almost no effort. py—measurable
sets and py—measurable functions are defined in the usual way. The Lebesgue measure on R™
is denoted by .Z".

When E C U and p is a measure on U, we will denote by pL E the measure defined by

[WLE](A) == p(ANE).

If f is a nonnegative y—measurable function, then we denote by fu the measure defined by

() = [ fan.

We say that a measure u is Borel regular if the Borel sets are py—measurable and if for
every p—measurable set A there exists a Borel set B such that A C B and u(B\ A) =0. We
say that a Borel measure pu is locally finite if p(K) < oo for every compact set K. All the
measures considered in these notes are Borel regular and, except for the Hausdorff measures
(see below), they are all locally finite. Moreover, even when dealing with the Hausdorff
measure 7%, we will always work with its restrictionS to Borel sets E with locally finite
HF measure, i.e. such that 7#%(E N K) < oo for every compact set K. Hence, in practice,
we will always deal with measures which are Borel regular and locally finite. For these
measures, the following proposition holds true (see Proposition 1.43 of [1]).



10 2. NOTATION AND PRELIMINARIES

PROPOSITION 2.1. Let pu be a Borel regular and locally finite measure on R". If E is a
Borel set such that p(E) < oo, then for every e > 0 there exists a compact set K and an
open set U, such that K C E C U and p(U \ K) < ¢.

Sometimes, when comparing two different measures 1 and v on an open set A we will
use the total variation of j1 — v on A, which is denoted by | — v|(A) and is defined as

p=dl) = s [ed-v).
peCe(A)|pl<1
We will say that the y—measurable function f is Lebesque continuous at a point x with
respect to the measure p if we have
1

lgfgméT(@}f(y)_f(x)}dy = 0.

When p is the Lebesgue measure, we will simply say that f is Lebesgue continuous at x.
The following is an application of the Besicovitch Differentiation Theorem 2.10 (compare
with Corollary 2.23 of [1]).

PROPOSITION 2.2. If p1 is a locally finite measure and f € L*(u), then for u—a.e. x, f is
Lebesgue continuous at x with respect to .

2. Weak* convergence of measures
As usual, we endow the space C.(R™) of continuous compactly supported functions with
the topology of uniform convergence on compact sets. This means that ¢; — ¢ if

e there exists a compact set K such that supp (¢;) C K for every n;
e ¢; — ¢ uniformly.

If i is a locally finite measure on R", then the map

90—>/90du

induces a continuous linear functional on C.(R™). The converse is also true:

THEOREM 2.3 (Riesz’ Representation Theorem). Let L : C.(R™) — R be a linear func-
tional such that L(p) > 0 for every ¢ > 0. Then there exists a locally finite nonnegative
measure |1 such that

L(p) = /sodu-

Therefore, it is natural to endow the space of locally finite Euclidean measures M with
the topology of the dual space of C.(R™):
DEFINITION 2.4. Let {{1;} be a sequence of locally finite nonnegative measures on R™.
We say that p; converges weakly* to p (and we write yu; 5op) if
iim [ dn; = [ odu
Jloo

for every ¢ € C.(R™).
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We will often use the fact that if for every bounded open set A we have |u; — pu|(A) — 0,
then p; =

Note that if p; = p, then {y;} is uniformly locally bounded, that is, for every compact
set K there exists a constant C such that p;(K) < Ck for every j € N. Moreover, since M
is the dual of the topological vector space C.(R™), the weak* topology defined above enjoys
the following compactness property:

PROPOSITION 2.5. Let {1;} be a sequence of uniformly locally bounded measures. Then
there exists a subsequence {pj,} and a locally finite measure p such that p;, N

Moreover, since the topological vector space C.(R™) is separable, the following metriz-
ability property is well known.

PROPOSITION 2.6 (Metrizability of weak* convergence). Let M(R™) be the set of non-
negative locally finite measures. Then there exists a distance d on M(R™) such that

i = if and only if  d(pj, ) — 0 and {p;} is locally uniformly bounded.

For the reader’s convenience we include a proof of this proposition.

PROOF. Let G := {f;} C C.(R") be a countable dense set. That is, for every f € C.(R")
there exists a sequence {fj;)} C G such that f;;) — f and the supports of f;;) are all
contained in a compact set K.

For i € N and u,v € M we define

Then we set -
= 22*" min {d;(p,v), 1}.
i=1

Clearly d defines a distance. Indeed, if d(u, v) = 0 then [ fdu = [ fdv for every f € C.(R"),
which implies ;# = v. Hence, it suffices to check the triangle inequality, which follows easily
from

dZ(M?C) < dl(lu’v V) +di(7j7 C) :

Now assume f; X . Then for each f; € G we have
lim [ fidp;, = /fz dp . (2.1)
j—00

After fixing 1 > ¢ > 0 we select Ny > 0 such that Y7,y 27" < 6/2. From (2.1) we conclude
that there exists an /N; > 0 such that

— | [~ [ g

Therefore, for j > N; we have

< — for every i < Ny and j > V. (2.2)

di(pg, 5 No

A(p,p) < Y 27 i)+ Y270 <
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We conclude that d(u;, 1) — 0.

On the other hand, assume that d(y;, 1) — 0 and that {yx;} is locally uniformly bounded.
Let ¢ € C.(R™). From our assumptions there exists a compact set K which contains supp (¢)
and a sequence {f;} C G such that f; — f uniformly and supp (f;) C K.

Let M be such that pu(K) + p;(K) < M for every j. For any given ¢ > 0 we can choose
fi in the sequence above such that ||¢ — fillc < €/(2M). Now, since d;(uj, u) — 0, we can
choose N such that -

di(pj, pp) < 5 for every j > N.

Therefore, we can compute

'/s@duj—/sodu < ’/fidﬂj —/fidu’ + '/(fi—so)duj

< S lle = Fllao () +p1(E0)) < <.

Therefore, we conclude that

¥ '/(fi —@)du’

lim | pdp; = /cpd,u.

Jloo
The arbitrariness of ¢ implies that ; = U

Finally we conclude this section with a technical proposition which will be very useful in
many situations.

PROPOSITION 2.7. Let v; be a sequence of measures such that v; X v, Then
e liminf; v;(A) > v(A) for every open set A;
e limsup, v;(K) < v(K) for every compact set K.
Therefore,
o 1;(A) — v(A) for every bounded open set A such that v(0A) = 0;
e For any point x there exists a set S, C Rt at most countable such that
vi(B,(z)) — v(B,(x)) for every p € R\ S,.

PROOF. Let v; and v be as in the statement of the proposition and assume A is open. Let
{;} € Ce(A) be such that 0 < p; < 1and ¢;(z) — 1 forevery x € A. Since v;(A) > [ p;dv;
for every j and i, we have

lirﬁl infy;(A) > lirﬁl inf / w;dy; = /gpj dv for every j.

Letting 5 T oo we obtain
linle inf;(A) > v(A). (2.3)

Consider now K compact and fix ¢ > 0. Let U be an open set such that K C U and
v(U\ K) <e. Now, fix ¢ € C.(U) such that 0 < ¢ <1 and ¢ =1 on K. Then we have

limsup y;(K) < limsup/gpdyi = /gpdu < vU) <v(K)+e.
iToo iToo
The arbitrariness of £ gives
limsup y;(K) < v(K). (2.4)

nToo
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Next let A be a bounded open set such that v(9A) = 0. Then, A is compact and, by (2.3)
and (2.4),

liminf ;(A4) > v(A) = v(A) > limsupy(ﬁ) > limsup ;(A).

3 K3

Finally, given z, we consider the set
Sy == {reR* : v(8B.(x)) >0} .
According to what we have proved so far, we have
%{2 vi(Br(x)) = v(B,(x)) for any r € RT \ S,.

Since v is locally finite, S, is at most countable. O

3. Covering theorems and differentiation of measures

In these notes we will use two well-known covering theorems. For the first, we refer the
reader to Theorem 2.1 of [21], and for the second, to Theorem 2.19 of [1].

THEOREM 2.8 (5r—Covering Theorem). Let B be a family of balls of the Euclidean space
R™ such that the supremum of their radii is finite. Then there exists a countable subset

C ={B,,(z;) }ien of B such that:
e The balls B,,(x;) are pairwise disjoint;
® Upes B C Ujen Bsr, (i)

THEOREM 2.9 (Besicovitch—Vitali Covering Theorem). Let A be a bounded Borel Eu-
clidean set and B a collection of closed balls such that for every x € A and every r > 0 there
exists a ball Ep(a:) € B with radius p < r. If p is a locally finite measure, then there exists
a countable subset C C B of pairwise disjoint balls such that i (A \ Ugec E) =0.

The Besicovitch—Vitali Covering Theorem is the main tool for proving the following
differentiation theorem for measures (see Theorem 2.22 of [1]):

THEOREM 2.10 (Besicovitch Differentiation of Measures). Let u and v be locally finite
Euclidean measures. Then the limit

. v(B,(x))
f(z) = lim ————=%
r10 p(By(x))
exists at p—a.e. point x € supp (u). Moreover, the Radon—Nikodym decomposition of v with
respect to p is given by fu+vL E, where

E = (R™\ supp (n)) U {x € supp (u) : lgﬂ)l%g;; = oo} :

4. Hausdorff measures

For any nonnegative real number a we define the constant w,, to be 7*/2I'(14a/2), where

['(t) ::/ stle % ds .
0

When « is an integer, w, is equal to the .£“ measure of the Euclidean unit ball of R* (see
Proposition B.1).
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We define the a—dimensional Hausdorff measure on R in the usual way (cf. Definition
2.46 of [1]):

DEFINITION 2.11. Let E C R™. The a—dimensional Hausdorff measure of E is denoted
by A*(E) and defined by

HE) = lim A (E)

where G (E) is defined as

o Wa | . al .
H(E) = 2—alnf{2(dlam (Ey)) ’dlam (E;) <d,EC UE} .
el i€l
In the following proposition we summarize some important properties of the Hausdorff
measure (see Propositions 2.49 and 2.53 of [1]).

PROPOSITION 2.12.

(i) The measures F* are Borel.

(ii) They are translation—invariant and F*(AE) = \*F*(E) for every positive \.
(iii) If @ > o/ > 0 then H#*(E) > 0 = ' (E) = oo.
(iv) If f: R™ — R"™ is a Lipschitz map, then “(f(E)) < (Lip (f))*2“(E).

(v) The n—dimensional Hausdor(f measure on R™ coincides with the Lebesgue measure.

Point (iii) allows the Hausdorff dimension of a set E to be defined as the infimum of the
a’s such that #*(E) = 0. Proposition 2.13 below is a direct consequence of (v). Before
stating the proposition, we first need to introduce the definition of the push—forward of a
measure. If p is a measure on R™ and f : R™ — R" is y—measurable, then we define the

measure fu/ as
[fan] (A) = n(f71(4)).

PROPOSITION 2.13. Let V. C R"™ be a k-dimensional affine plane. Fiz a system of

orthonormal coordinates xi,..., Tk, Y1, .- Yok Such that V.= {y; = ... = yp_r = 0}.
Denote by v : R¥ — R" the map © — (z,0). Then LYV = 1, 2",

We end this section by defining the a—densities of Euclidean measures and sets at a given
point z (cf. Definition 2.55 of [1]).

DEFINITION 2.14. Let i be a locally finite Euclidean measure and o a nonnegative num-
ber. Then we define the upper (resp. lower) a—density of u at = as

0 (p,x) == limSUpM 0 (p, z) = liminfM.

10 WaT? r|0 WaT®
When the two quantities coincide, we simply speak of the a—density of u at x, denoted by
0“(u, ).
If E is a Borel set, we define the a—densities of E at x as
0*(E,z) = 0*(A*LE,x)
0%(E,x) = 0*(HA“LE,x
0*(E,x) = 0%(H“LE,x).

Concerning the relations between densities and measures, we have two useful propositions
which both follow from Proposition 2.56 of [1].
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PROPOSITION 2.15. Let E be a Borel set and a a nonnegative number such that 7#*(E) <
0o. Then

o 0*(E,x) =0 for #*-a.e. € R"\ E;
o 27 <G (E,x) <1 for #H*-a.e. x € E.

PROPOSITION 2.16. Let pu be a measure and o a nonnegative real number such that
0 < 0%(p,z) < o0 for u-a.e. .
Then there exists an a—dimensional set E and a Borel function f such that p = f“_FE.

5. Lipschitz functions

Let E be a subset of R*. f: E — RF is a Lipschitz function if there exists a constant K
such that
[f(x) = fy)| < Klz—yl Vo,yck. (2.5)
The smallest number K for which inequality (2.5) holds is called the Lipschitz constant of f
and we denote it by Lip (f).
The following Proposition has a very elementary proof:

PROPOSITION 2.17. Let f : RF > G — R™ be a Lipschitz function. Then there exists a
Lipschitz function f : RF — R™ such that flg = f.

Proor. If m =1 we set
f(z) = inf f(y)+ Lip ()ly - 2. (2:6)

It is easy to check that f is Lipschitz and is an extension of f. When m > 1 we use (2.6) to
extend each component of the vector f. O

REMARK 2.18. Note that for m = 1 the function f defined in (2.6) satisfies Lip (f) =
Lip (f). For m > 1 the extension suggested above does not have this property in general.
However, there does exist an extension f such that Lip (f) = Lip (f). This statement is
called Kirszbraun’s Theorem, and it is considerably more difficult to prove (see 2.10.43 of

8]).
The following are two remarkable theorems concerning Lipschitz functions. In these notes
we will use only the first, but we include the second because it often gives very good insight

into the various properties of Lipschitz functions. For a proof of Theorem 2.19, see Theorem
2.14 of [1]. For a proof of Theorem 2.20, see Theorem 3.1.16 of [8].

THEOREM 2.19 (Rademacher). Let f : R®™ D E — RF be a Lipschitz function. Then f
is differentiable at £"—a.e. © € E, that is, for X" —a.e. © € E there exists a linear map
df, : R* — R* such that

i W) = f@) —dfe(y — )|

yelk ,y—x ’y — 1"

= 0.

THEOREM 2.20 (Whitney’s extension theorem).~ Let f : R* D E — R* be a Lipschitz
function. For every € > 0 there exists a function f € CYR",R*) such that £"({x € F :

f(x) # f(2)}) <e.
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6. The Stone—Weierstrass Theorem

In some approximation arguments we will make use of the classical Stone-Weierstrass
Theorem (see Theorem 7.31 of [27]):

DEFINITION 2.21. Let F be a family of real functions on the set E. Then we say that

e F separates the points if for every x # y € E there exists f € F such that f(x) #

ek
e F vanishes at no point of E if for every x € E there exists f € F such that f(z) # 0.

THEOREM 2.22 (Stone-Weierstrass). Let K be a compact set and A C C(K) be an

algebra of functions which separates the points and vanishes at no point. Then for every
f € C(K) there exists {f;} C A such that f; — f uniformly.



CHAPTER 3

Marstrand’s Theorem and tangent measures

The goal of this chapter is to prove the following beautiful result of Marstrand:

THEOREM 3.1 (Marstrand’s Theorem). Let u be a measure on R™, o a nonnegative real
number, and E a Borel set with u(E) > 0. Assume that

0 < 0%(p,x) =60 (u,z) < o0 for p-a.e. x € E. (3.1)
Then « is an integer.

This theorem was first proved in [17]. Actually, in [17], the author proved a much
stronger result, which provides important information on the measures u satisfying (3.1) for
a integer. This second part of Marstrand’s result is stated in Remark 3.10 and will be proved
in Chapter 6 (cp. with Theorem 6.8).

Our presentation is very close to that of chapter 14 of [21], particularly in that we will
use tangent measures.

Blow up. The first idea of the proof is that if for some a there exists a nontrivial pu
which satisfies (3.1), then, via a “blow—up” procedure, we can produce a second (nontrivial)
measure v which satisfies a much stronger condition than (3.1). In particular, v will be an
a—uniform measure in the following sense:

DEFINITION 3.2 (a—uniform measures). We say that a measure u is a—uniform if
wW(B (7)) = war”® for every x € supp (u) and every r > 0.
We denote by U*(R™) the set of a—uniform measures v such that 0 € supp (v).

This particular choice of the constant w, will be convenient later since it ensures S£*LV €
U (R™) for every k—dimensional linear plane V' C R™. We warn the reader that there exist
k—uniform measures which are not of the form #*LV: An example of such a measure is
given in Section 1 of Chapter 6. This striking fact will play a crucial role in the last part of
these notes (see the introduction to Chapter 6).

The “blow—up” procedure is better described after introducing the notion of tangent
measure. Not only will this notion simplify the discussion of this chapter, but it will also be
extremely useful in later chapters.

DEFINITION 3.3 (Tangent measures). Let u be a measure, x € R™, and r be a positive
real number. Then the measure p, , is defined by

por(A) = pz+rA) for all Borel sets A C R™.

For any nonnegative real number «, we denote by Tan,(u,x) the set of all measures v for
which there exists a sequence r; | 0 such that

Mar; % .
— =y in the sense of measures.
T

7

17
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Tan, (i, x) is a subset of Tan(u, x), the set of tangent measures to p at x, first introduced
by Preiss in [25]. In his definition, Preiss considers all measures v which are weak limits of
Ciflz r; for some choice of a vanishing sequence {r;} and of a positive sequence {¢;}. However,
in all cases considered in these notes, Tan, (u, z) contains all the information about Tan(u, x).

Using the language of tangent measures, the first ingredient of the proof of Theorem 3.1
is given by the following proposition, which roughly says that at almost every point x, at
sufficiently small scale, i is close to a nontrivial a—uniform measure. Nowadays, arguments
like that of Proposition 3.4 are considered to be quite standard in Geometric Measure Theory.

PROPOSITION 3.4. Let i be as in Theorem 3.1, then for u—a.e. x € E we have
0 # Tan,(pu,z) C {6%(pw,2)v:v e U (R")}.
a—Uniform measures. The second step in the proof of Theorem 3.1 is to show that the
following proposition is valid.

PROPOSITION 3.5. If U*(R™) # (), then « is a nonnegative integer less than or equal to

The proof of this Proposition is the core of this chapter. Here we briefly describe the
scheme of Marstrand’s approach.

SKETCH OF THE PROOF OF PROPOSITION 3.5.

(a) The Besicovitch Differentiation Theorem gives U*(R*) = @ for every a > k (see
Remark 3.14).
(b) We will show that, if & < k, then

U RN A0 = U R £0. (3.2)

(c) Arguing by contradiction, assume that U*(R™) # () for some o« € RT \ N. Let
k :=[a] < a < n and iterate n — [a] times (3.2). We conclude that U*(R¥) # 0,
which contradicts (a).

O

Clearly, the key point of this scheme is (b). Its proof relies again on a “blow—up” proce-
dure, which we split into the following lemmas. The first is a trivial remark:

LEMMA 3.6. Let a >0, u € U*(R¥), and = € supp (). Then 0 # Tan,(u, x) C U*(RF).
The second is an elementary geometric observation (see Section 2 and Figure 1).

LEMMA 3.7. Let 0 < o < k and u € U*(R*). Then there exists y € supp (1) and a
system of coordinates x1, ..., x; on R* such that

supp (v) C {z; >0} for every v € Tan, (i, y). (3.3)
The last is the core of Marstrand’s proof:
LEMMA 3.8. Let 0 < a < k and v € U*(R¥). If supp (v) C {x; > 0}, then

supp () C {z; =0} for every v € Tan,(v,0). (3.4)

From these three Lemmas we easily conclude that (b) holds using the following procedure:
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e We fix u € U*(R™) and we apply Lemma 3.7 in order to find a y € supp (u) that
satisfies (3.3).

e Consider v € Tan,(u, ). Then by Lemma 3.6 we have v € Y*(R") and from (3.3)
we obtain supp (v) C {x; > 0}.

e Finally consider 7 € Tan®(v,0). Such a measure belongs to U*(R™) (again by
Lemma 3.6) and its support is contained in the hyperplane {x; = 0}.

Therefore, 7 can be seen naturally as an element of U*(R"™1).

m—Uniform measures. Note that none of the lemmas above needs the assumption o €
R\ N, which indeed plays a role only in the final argument by contradiction contained in (c).
Moreover, the Besicovitch Differentiation Theorem gives U*(R*) = {.#*}. Therefore, from
the procedure outlined above and a standard diagonal argument we obtain the following:

COROLLARY 3.9. Let m be an integer and pn € U™(R™). Then there exists an m-—
dimensional linear plane V- C R"™ and two sequences {x;} and {r;} such that

Hayry  * .
— = "LV in the sense of measures.

r!

REMARK 3.10. Actually, in [17] Marstrand proved a much stronger result, which, in the
language of tangent measures, says that:
o [f o is an integer and p satisfies the assumptions of Theorem 3.1, then the following
holds for p—a.e. x:
There ezists an a—dimensional plane V' such that 6*(p, x) 7LV € Tan,(pu,z).  (3.5)

This statement is proved in Chapter 6 (cp. with Theorem 6.8) and it is the starting point of
Preiss” Theorem (see the introduction to Chapter 6).

The Kirchheim—Preiss Regularity Theorem. Both Proposition 3.4 and Corollary 3.9
can be proved in a more direct way by using the following remarkable Theorem of Kirchheim
and Preiss; see [10].

THEOREM 3.11. Let p be a measure of R™ such that

w(Br(z)) = w(Br(y)) for every x,y € supp () and every r > 0. (3.6)

Then the support of i is a real analytic variety, i.e. there exists an analytic function H :
R™ — R such that supp (u) = {H = 0}.

In Appendix A we include a proof of Theorem 3.11, taken from [10]. Recall that, if we
exlude Z = R" (which corresponds to the trivial case H = 0), any analytic variety Z C R™
has a natural stratification

n—1
z =]z, (3.7)
=0

where each Z; is an i—dimensional (possibly empty) analytic submanifold of R™. If 1 satisfies
(3.6) and Z is the analytic variety given by Theorem 3.11, then let k be largest i for which
Z; in (3.7) is not empty. Then Z is a rectifiable k—dimensional set and it is not difficult to
show that = c#*_ Z for some constant c.
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Plan of the chapter. Before going into the details of the various proofs, we briefly outline
the plan of this chapter. In the first section we prove Proposition 3.4 and Lemma 3.6. The
second section contains Lemma 3.7 and some basic remarks. Lemma 3.8 and Corollary 3.9
are proved, respectively, in the third and fourth section.

1. Tangent measures and Proposition 3.4

Tangent measures can be viewed as a suitable generalization of the concept of tangent
planes to a C' submanifold of R™. Indeed, let I be a k-dimensional C' submanifold of R,
set g := S*LT and consider # € I'. Then it is not difficult to verify that the measures

r~* .., are given by
I'—=x
r*k,ux,,« = %”kl_( " ) )

Here I, := (I' — x)/r is the set

{y Sryt+x e F} .
Therefore, since the set I' is C!, as r | 0 the sets I', look almost like the tangent plane T}, to
I at = (see Figure 1). In the next chapter, using the area formula (which relates the abstract
definition of Hausdorff measure with the usual differential geometric formula for the volume
of a smooth submanifold) we will prove that

HELTD, S LT,

(cp. with Theorem 4.8 and its proof). This implies that Tany(u,z) = {S#*LT,}, as one
would naturally expect.

FiGure 1. FromT'to I, :={y : y+rx eI}

If f is a continuous function and p a measure, it follows directly from the definition that
Tang(fu, x) = f(x)Tang(p, x). By this we mean that v belongs to Tang(fu,z) if and only
if v = f(z)( for some ¢ € Tang(u, z). By Proposition 2.2, we can generalize this fact in the
following useful proposition:

PROPOSITION 3.12 (Locality of Tan, (u, z)). Let i be a measure on R™ and f € L'(u) a
Borel nonnegative function. Then

Tan, (fu,z) = f(z)Tang,(u, x) for p-a.e. x. (3.8)
REMARK 3.13. As a corollary of Proposition 3.12 we obtain that, for every Borel set B,
Tan, (uL B,x) = Tang(u, ) for u—a.e. x € B. (3.9)
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PROOF OF PROPOSITION 3.12. We claim that the equality (3.8) holds for every point
2 in the set

no. imi1 — f(x =
B = {xeR s | ) = 1] ) o}, (3.10)

and we recall that pu(R™\ B;) = 0 (see Proposition 2.2).
To prove the claim, fix x € B; and v € Tan,(u, z). Consider r; | 0 such that

v, = Hori =y (3.11)

If we define

then for every ball B, we have

@ —VI(B,) < —

Note that the quantity
).

— |f(y) — f(@)| dp()

1(Byr,(z)) Bpr,
vanishes because x € By, whereas the ratio

1(Bpri (2))
e

is bounded because of (3.11). Therefore, we conclude |f(x)v; — v}|(B,) — 0 for every p > 0,
and hence v/ = f(z)v. This implies Tan,(fu, ) C f(z)Tan,(u, z). The opposite inclusion
follows from a similar argument. U

We are now ready to attack Proposition 3.4, which we prove using a common “countable
decomposition” argument.

PROOF OF PROPOSITION 3.4.
Step 1 For every positive i, j, k € N, consider the sets

Fiik {x : (j —‘1)% < p(By(z)) < (j +'1)wa for all 1 < %} '

4} re ]
Clearly, for every i we have
E c | JE*. (3.13)
gk
We claim that for p-a.e. x € E** the following holds:
e For every v € Tan,(uL E*"* ) we have the estimate
2wg

’V(Br(y)) — Ha(u,az)wara’ < — for every y € supp (v) and r > 0. (3.14)
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We will prove the claim in the next step. Note that combining this claim with Remark
3.13 we can conclude that

o If we fix i, then for every j and k and for p—a.e. x € E** the bound of (3.14)
holds for every v € Tan,(p, x).
From (3.13) we conclude that for py-a.e. x € E, the bound (3.14) holds for every v €
Tan,(u, ). Since i varies in the set of positive integers, which is countable, we conclude
that for y—a.e. = € E, the bound (3.14) holds for every v € Tan,(u,z) and for every 1.
Therefore, we conclude that, for any such z and any such v,

V(B (y)) = 0%(u, z)war® for every y € supp (v) and r > 0.

This means that v/0%(u, z) is an a—uniform measure. To conclude that v/0%(u, z) € U*(R™),
it glfﬁces to show that 0 € supp (). This is trivial. Let us argue by contradiction and assume
v(B,(z)) = 0. Fix a sequence ; | 0 such that

—Q
Ty Her — V.

Then we would conclude

B, L _
limsupw = p *limr; “pg,,(B,) = p “v(B,) =0

i—00 (pri)™ =00
which contradicts 0% (u, z) > 0.

Step 2 We are left with the task of proving (3.14) for u—a.e. x € E*"*. To simplify the
notation we set

. B, F
F .= Ebk o= {xEleimM = 0}.

rl0 roe

By Proposition 2.2 we have u(F \ Fy) = 0 and therefore it suffices to prove (3.14) when
x € Fy. Therefore, we fix x € Fy, v € Tan,(uL F,x), and r; | 0 such that

l/i — (:UI—F)I,W N v
e

Note that for every y € supp (v), there exists {x;} C F such that

Ty — X
Y = - V.
T

Indeed, if this were not the case, then we would have p ., (B,(y)) = 0 for some p > 0
and some subsequence {r;)}, which would imply v(B,(y)) = 0. We claim that there exists
S C R at most countable such that

1{2 V(B,(y:)) = v(B,(y)) for every p € RT\ S. (3.15)

Indeed, if we define ¢ :=v! _ |, we obtain that ; = v and (3.15) translates into
lm (B, () = W(B,(u).

Hence, the existence of the countable set S follows from Proposition 2.7.
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Let us compute

lim 1(B,(y)) = lim MBI Oy 1B (@),
1—00 1—00 T’i i—00 ri

From this and from the definition of F'; we conclude that (3.14) holds for every p € R\ S.
Since S is countable, for every p € S there exists {p;} C R* \ S with p; T p. Hence,
v(B,(y)) = lim; v(B,,(y)) and from this we conclude that (3.14) is valid for every r € R".

Step 3 So far we have proved that
Tan, (p, x) C 6%(p, ) U*(R"™) for p-a.e. x € R™.

It remains to show that for u—a.e. x € R™ the set Tan,(u, x) is not empty. Let us fix any =
such that 0**(u,z) < co. Then, for every p > 0, the set of numbers

' u(Bor(x) = 1 “pap(B,) 1 <1

is uniformly bounded. Therefore, the family of measures {r~*pu,,},<1 is locally uniformly
bounded. From the compactness of the weak* topology of measures, it follows that there

exists a sequence 7; | 0 and a measure ji, such that j, . A loo- Hence, pio, € Tang, (i, x).
O

ProoOF OoF LEMMA 3.6. In this case, the argument given in Step 3 of the proof of Propo-
sition 3.4 shows that Tan, (u, z) # 0 for every x € supp (u).
Now fix any x € supp (u) and any v € Tan,(u, x), and let r; | 0 be such that
Ty e, - v.
Given any y € supp (v), we argue as in Step 2 of the proof of Proposition 3.4 in order to
conclude that

e There exists a sequence {z;} C supp (¢) such that

r; — X
Yi = - Y5
T

e There exists a countable set S C RT such that

lin e, (By(y)) = v(By(y))  for every p € RF\S.

Thus, for every p € R\ S we have

W(By(y)) = tim ABenl8)) _, a

;10 7“?

For every p € R* there exists a sequence {p;} C R*\ S such that p; T p. Therefore, we
conclude that v(B,(y)) = wap® for every p > 0. The arbitrariness of y € supp (v) implies
v elU*(R"). O
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2. Lemma 3.7 and some easy remarks

REMARK 3.14. Assume that p € U*(R™). If @ > n, from the Besicovitch Differentiation
Theorem we conclude that = f.£", where

() = 1im A B)

0 wur"

for L"—a.e. x

If « > n, we conclude that f = 0. If @ = n we obtain that f = 1g, where E = supp (u).
Since p € U™(R™), we conclude that L™ (B, (0)NE) = w,r™ = £"(B,(0)). Since E is closed,
we obtain B.(0) C E and the arbitrariness of r implies E = R".

Combining this argument with Proposition 2.13, we conclude that: If pn € U™(R™) and
supp (p) is contained in an m—dimensional linear plane V', then = ALV

PROOF OF LEMMA 3.7. Set E := supp (¢) and note that, since a < n, B1(0) ¢ E.
Indeed, we can use the Besicovitch—Vitali Covering Theorem to cover .Z"—almost all B;(0)
with a collection of pairwise disjoint balls { B, (x;)} contained in B1(0) and with radii strictly
less than 1. If we had B;(0) C E then we could estimate

H(BAO) 2 D (B (a)) = w005 > wad ) = D2 (By ()
= LLBI0) = wa,

which contradicts p(B1(0)) = wq
Fix y ¢ E. Since F is a nonempty closed set, there exists z € E such that dist (y, E) =

ly — z| =: a. Without loss of generality, we take z to be the origin and we fix a system of
coordinates xi, ..., z, such that y = (—a,0,...,0). Clearly, £ is contained in the closed set
E = R"\ B,(y ) = {z:(a+z)’+a3+...+a) >d}.

Fix v € Tan,(u,0) and a sequence r; | 0 such that
/"LO,TZ' *
_ 1

G-
(0%
Ty

The support of v; is given by
E, == E/r; C E; = {(a+rx)’ +ri(a5+.. . +a)) > a°}.

Note that, for any 2 € {2; < 0}, there exists N > 0 such that = ¢ E; for i > N; cf. Figure
2. This implies that supp (v) C {x; > 0} and concludes the proof. O

3. Proof of Lemma 3.8

REMARK 3.15. Let p € U*(R™) and f : RT — R be a simple function, that is f(t) =
Zﬁ\; a;iljo s, for some choice of N € N, r; > 0 and a; € R. Then, for any y € supp (1) we
have

JECLZE Zazu L) = S an(B) = [ (- yhdu(a).
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FIGURE 2. The sets E; converge to the closed upper half-space.

By a simple approrimation argument we conclude that

/go(z) du(z) = /go(z —y) du(z) for any radial p € L'(p) and Yy € supp (n). (3.16)

PROOF. Let us define the quantity

b(r) = V(TOEO))/BT(O)ZCZV(Z) = r_a/r(o)zdy(z), (3.17)

(in other words, b(r) is given by w, times the barycenter of the measure vL B,.(0)). We let
(b1(r),...,by(r)) be the components of the vector b(r).

Since supp (v) C {x; > 0}, we have b;(r) > 0. Moreover, b;(r) = 0 would imply that
supp (v) C {x; = 0} and the claim of the lemma would follow trivially. The idea is to study
the limiting behavior of b(r) as r | 0. More precisely, given 7 € Tan,(v,0), we define

c(r) = r_a/r(o)zdﬁ(z). (3.18)

Our goal is to show that ¢(r) = 0 for every r. Since supp () C {x; > 0}, this would imply
supp (7) C {z1 = 0} and conclude the proof of the lemma.

Step 1 In this step we prove the following claim:
[(b(r), y)] < C(a)|y]*  for every y € supp (v) N Bar(y). (3.19)

Using the identity
2(z,y) = [yl + (r* = |z —y*) = (r* = |2*),



26 3. MARSTRAND’S THEOREM AND TANGENT MEASURES

we can compute

2[(b(r),y)| = 7

/ | 2t
ly|*v(B,(0)) + / (r2 — |z — y[2) dv(z) — / (7"2 — |x\2) dv(z)| . (3.20)

B(0) Br(0)

= ’]"705

For y € supp (v), Remark 3.15 gives

7“2—1'— 2 dv(x) — 7"2—5172 dv(x

/BT(O)( ‘ y[ ) ( ) /BT(O)( | ‘ ) ( )

= T2—I’— 2d1/1'— 7"2—517— 2dl/.fE
/T(O)( ‘ y!) () / ( | y‘) ()

Br(y)
= [ Pt - [ (el B2
Br(0)\Br(y) Br(y)\Br(0)

Combining (3.20) and (3.21) we obtain

2000). )] < wall 4 [ ¥ — o — yP?| du(a)
Br(0)\Br(y)
+7“_°‘/ |72 — o — y*| dv(z). (3.22)
Br(y)\Br(0)

For z € B,(0) \ B,(y), we have

0 < |z—yP=r® < |z—yP =2’ = (lo—yl+]al) (e -yl - |z]) < 3rlyl,
whereas for € B,(y) \ B,(0) we have

0 <7 —Jz—yl* < |of" = |z —yl* = (lo—yl+z]) (Ja] — o —yl) < 3rly|.
Hence, (3.22) gives

2[(b(r), y)

IN

by + 212 [ (B,9)\ B0) +0(B,(0)\ B,(w)]

= w2 () BO) U (BO\ B 323)
Clearly, if |y| < r, then
(B,(1)\ B.(0) U (BA0)\ Bi(s)) € Brayy(0)\ By (v)

Hence
206090 < ulyl? + 2L [(Bry () ~ v(Broy)] (321)
= b+ 2 [ e~ ] < Cll. 329

This gives (3.19) for |y| < r. For r <|y| < 2r we use
Br(y)\ Br(0) U B-(0)\ Br(y) C By (0)

and a similar computation.
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Step 2 To reach the desired conclusion, fix 7 € Tan,(v,0) and a sequence 7; | 0 such

that

- .
V’::%iﬁ.
T

Moreover, let b(r) and ¢(r) be the quantities defined in (3.17) and (3.18). By Proposition
2.7, there is a set S C R which is at most countable and such that

c(p) = lirré b(pr;) for pe RT\ S.

Let p € R\ S and z € supp () N B,(0). Then there exists a sequence {z;} converging to z

such that y; := r;2z; € supp (v). Using (3.19), we obtain
2
Yi Yi
elp). )| =t OB ) gy

7'7, J,O TZ Ti J,O TZ

This means that (c(p), z) = 0 for every z € supp (#) N B,(0). Therefore
0= 0 [ elp) o) = el
By (0)

This holds for every p € RT \ S. Since for p € S there exists {p;} C R\ S with p; T p, we
conclude

= 0.

c(p) = lim c(p;) = 0,

and hence ¢(p) = 0 for every p > 0, which completes the proof. U
4. Proof of Corollary 3.9

PROOF. For every measure p, we denote by 7, (u) the weak* closure of the set

{uw : JUER”,TER+} )

rOﬁ

Note that for every z we have Tan,(u,x) C Zo(n). Let m and p be as in the statement
of the lemma and set k := n —m. We apply Lemmas 3.6, 3.7, and 3.8 to find a family of
measures {4 }icfo,1,....26) C U™ (R™) such that

o o= and piv1 € To(pi);
e supp (per) C V for some m—dimensional linear plane V' C R”".

From Remark 3.14 it follows that por = S LV, and hence the corollary follows if we can
prove jior € To(po). To show this, it suffices to apply the following claim 2k times:

§ellv) = T Clv). (3.26)

By the weak* closure of 7, (v), this claim is equivalent to

¢eT,(v) = i“;”’ € T.(v). (3.27)
Fix ¢ as in (3.27). Then there are sequences {xz;} and {r;} such that
yioo= Deem x £.

(0%
T
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Clearly 1/;’ p A &2,p- Hence, if we define z; := z; + mz and p; := pr;, we conclude that

)
Veioi _ Vep = arp

p; p” p”
This proves the desired claim (3.27) and completes the proof.



CHAPTER 4

Rectifiability

This chapter deals with rectifiable sets and rectifiable measures.

DEFINITION 4.1 (Rectifiability). A k—dimensional Borel set E C R™ is called rectifiable
if there exists a countable family {T;}; of k—dimensional Lipschitz graphs such that F* (E\
Ur;) =o.

A measure i is called a k—dimensional rectifiable measure if there exist a k—dimensional
rectifiable set E and a Borel function f such that p = fHA*LE.

By the Whitney Extension Theorem, we could replace Lipschitz with C* in the previous
definition. However we will never use this fact in these notes. The final goal of this chapter
is to give a first characterization of rectifiable measures in terms of their tangent measures;
see Theorem 4.8.

The Area Formula. When FE is rectifiable we have an important tool which relates the ab-
stract definition of s#%(E) to the differential geometric formula commonly used to compute
the k—volume of a C'! manifold. This tool is the area formula.

DEFINITION 4.2 (Jacobian determinant). Let A € R™* be a matriz and L(x) = A - x
the linear map L : R¥ — R™ naturally associated to it. We define JL := (det (A* - A))Y/2.

Let G be a Borel set and f: G — R™ a Lipschitz map. We denote by df, the differential
of f at the point x which, thanks to Rademacher’s Theorem, exists at L*—a.e. x € G. We
denote by Jf the Borel function Jf(z) := Jdf,.

PROPOSITION 4.3 (Area Formula). Let E C R* be a Borel set and f : E — R™ a Lipschitz
map. Then

/ %”O(f_l({z})) A% (z) = /Jf(x) d.L" (). (4.1)
f(E) E

Recall that s#°(F) gives the number of elements of F. When T is a Borel subset of a
k-dimensional Lipschitz graph, there exists a Lipschitz function f : R¥ — R"* and a Borel
set F such that I' = {(x, f(z)) : © € E}. Therefore, we can apply the previous proposition
to the Lipschitz map

F:Rs2 — (2, f(2)) €R",
in order to obtain

AHT) = /E JF(z) AL ()

If we fix a point x where f is differentiable and df is Lebesgue continuous, then:

e JF(y) will be close to Jdf, for most points y close to x;
e Close to x, I' will look very much like the plane tangent to I" at x.

Therefore, it is not surprising that the following corollary holds.

29
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COROLLARY 4.4. Let p be a k—dimensional rectifiable measure. Then for p—a.e. y there
extst a positive constant ¢, and a k-dimensional linear plane V,, such that

Tang(p,y) = {c, LV, }.

The Rectifiability Criterion. We now come an important question: How does one prove
that a set is rectifiable? The most common tool used for this purpose is the criterion given
by Proposition 4.6. Before stating it, we introduce some notation.

DEFINITION 4.5 (k—cones). Let V' be a k—-dimensional linear plane of R™. Then we denote
by VL the orthogonal complement of V.. Moreover, we denote by Py and Qv respectively the
orthogonal projection on' V and V. For a € RY, we denote by C(V, ) the set

{zeR" : |Qv(z)| < of Pv(z)|}.

For every x € R", we denote by C(z,V,a) the set x + C(V,a). Any such C(z,V,a) will be
called a k—cone centered at x.

\\\\\ __

N L.
. /

Clz,V, )

FIGURE 1. The cone C(z,V, a).

PROPOSITION 4.6 (Rectifiability Criterion). Let E C R™ be a Borel set such that 0 <
HF(E) < 0o. Assume the following two conditions hold for s#*-a.e. v € E:

o O8(E,z) > 0;
e There exists a k—cone C(x,V,a) such that
H*(EN B, (2)\ C(z,V,a))
"o rk

~ 0. (4.2)

Then E is rectifiable.

The main idea behind Proposition 4.6 is that the conditions above are some sort of
approximate version of (4.3) below. Indeed, the proof of Proposition 4.6 uses the following
elementary geometric observation, which will also be useful later:
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LEMMA 4.7 (Geometric Lemma). Let F' C R"™. Assume that there exists a k—dimensional
linear plane V' and a real number o such that

F c Cz,V,«) for every x € F. (4.3)
Then there exists a Lipschitz map f :V — V*+ such that F C {(z, f(z)) : x € V'}.

The proof of Proposition 4.6 shows that one can decompose .##*-almost all £ into a
countable union of sets F; satisfying the assumption of the lemma. In this decomposition
the condition 6%(x, F) > 0 will play a crucial role.

First characterization of rectifiable measures. A corollary of Proposition 4.6 is the
converse of Corollary 4.4. Therefore, rectifiable measures can be characterized in terms of
their tangent measures in the following way:

THEOREM 4.8. A measure p is a k—dimensional rectifiable measure if and only if for
p—a.e. x there exists a positive constant c, and a k—dimensional linear plane V, such that

Tan(p, ) = {c, "LV, }. (4.4)

Plan of the chapter. The plan of the chapter is the following: In the first two sections
we prove the Area Formula and Corollary 4.4; in the third section we prove the Geometric
Lemma and the Rectifiability Criterion; in the fourth section we prove Theorem 4.8.

1. The Area Formula I: Preliminary lemmas

First of all, we check that the Area Formula holds when the map f is affine. Indeed, in
this case, f(F) is contained in a k—dimensional affine plane. Thus, after a suitable change
of coordinates, the Area Formula becomes the usual formula for changing variables in the
Lebesgue integral.

LEMMA 4.9. Let f in Proposition 4.3 be affine. Then (4.1) holds.

PROOF. Since f is affine, there exists a matrix A € R™* and a constant ¢ € R" such
that f(z) = ¢+ A-x. Without loss of generality we assume that ¢ = 0. Moreover, note that
Jf = (det (At - A))'/2,

Clearly f(F) is a subset of some k—dimensional linear plane V and we can find an
orthonormal system of coordinates v, ..., Yk, Yxi1, - - - » Yn Such that

Vo= {yps1 = tUhr2=-.. = Yo =0}.
Writing f in this new system of coordinates is equivalent to finding an orthogonal matrix
O € R™* such that
flz) = B-x = O-A-x.
Clearly (det (B - B))Y? = (det (A! - A))Y/2. We denote by f;(z) the j—th component of the
vector f(x) in the system of coordinates y1, ... ,, and we define f : R¥ — R* as

flz) = (fil@),..., ful@)).

Moreover, we define ¢ : R¥ — R" by «(z) = (z,0,...0). Then, according to Proposition 2.13
we have

HHF) = LH0HEF)) for every Borel F' C f(F).
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This implies

/f(E) A (7)) dA*(y) = o A (f(y)) dL(y). (4.5)

Moreover, (det (A*- A))Y/2 = Jf(z), and since f is a map between spaces of the same

dimension, it is easy to check that Jf = |det d f |.  Therefore, the usual formula for the
change of variables in the Lebesgue integral yields:

| i w)igte) = [ edild2te) = [ Ji@i2i@. 1o
f(E) E E

Combining (4.5) and (4.6) we obtain (4.1). O

The next two lemmas deal with two other relevant cases of the Area Formula: The case
where Z*(E) = 0 and the case where Jf(z) = 0 for £*a.e. x.

LEMMA 4.10. Let f be as in Proposition (4.3) and assume £*(E) = 0. Then (4.1) holds.
PROOF. The proof follows trivially from Proposition 2.12(iv). O

LEMMA 4.11. Let f be as in Proposition (4.3). If Jf(z) = 0 for £*-a.e. v € E, then
(4.1) holds.

PROOF. Clearly we have to show s%(f(FE)) = 0. Let
F o= {x € E : fis differentiable at z and J(df,) = o} .

Since Z*(E \ F) = 0, we conclude that s#*(f(E \ F)) = 0. Therefore, it suffices to prove
H(f(F)) = 0.

Without loss of generality we may assume that F' is contained in the ball Br = Bg(0) C
R™. Moreover, recall that, since f is a Lipschitz map, there exists a constant M such that
|df.| < M for every x € F. We will prove that

HE(f(F)) < ¢ for every € > 0, (4.7)

where ¢ is a constant which depends only on M, k, n, and R. Letting ¢ | 0, we conclude

HE(f(F)) =0.

First covering For every € F, denote by A, : R¥ — R" the affine map given by
A.(y) = f(x) + df.(y — ). Since every z € F' is a point of differentiability, there exists a
positive r, < 1 such that:

|f(y) = Auly)| < ele—y| forallye B, (z). (4.8)
Therefore, for every p < r, we have
F(B,(x)) C IF(z,p) = {z ER™ : dist (2, A,(B,(1))) < €p} . (4.9)

From the 5r—covering Lemma, we can cover F' with a countable family of balls {B,,(x;)}
such that

o z; € I'and 5r; < 71y;

e The balls B,,/5(x;) are pairwise disjoint and contained in Bp.
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Therefore, we conclude that

Ti S 1 and ZTk S 5kRk7 (410)

Second covering Recall that J(df,,) = 0. Therefore, the rank of the linear map df,,
is at most £ — 1 and hence A,,(B,,(z;)) is contained in a (k — 1)-dimensional affine plane
Vi. Moreover, |df,,| < M. Therefore, A,,(B,,(x;)) is contained in a (k — 1)-dimensional disk
D; C V; of radius Mr;. Hence

IF(z,1;) C {ZER" sdist (2, D;) < 5ri}. (4.12)

Then, it is elementary to check that each I%(x;, r;) can be covered by Ce~ 1) n-dimensional
balls B; ; of radius er; (where the constant C' depends only on k, m, and M).

From (4.11) we obtain that {B; ;} is a countable covering of F. Moreover, the diameter
of each B, ; is precisely 2er; < 2e. Therefore,

(4.10)
%’é’;(f(F)) < WkZ(Wi)k < wkzccﬂ“f < wpC5*RFe .
i,J i

Since C' depends only on k, n, and M, this is the desired inequality (3.26). O

2. The Area Formula II

The intuitive idea behind the proof of the Area Formula is that, after discarding the set
Ey C E where f is not differentiable or where the Jacobian determinant is 0, we can cover
E \ E, with a countable number of Borel sets F; C F such that on each E; the map f is
very close to an injective affine map. We make this idea more precise in Lemma 4.12 below,
where we will use the following notation:

e If the map f: G — H is injective, then f~! denotes the inverse of f : G — f(G).

LEMMA 4.12. Let E C R* be a Borel set and f : E — R"™ a Lipschitz map. Fiz any
t > 1. Then there exists a countable covering of E with Borel subsets {E;}i>o such that:
(i) If x € Ey, then either f is not differentiable at x, or Jf(x) = 0.
(ii) For everyi > 1, the map f is injective on E;.
(iii) For every i > 1 there exists an injective linear map L; : R* D E; — R™ such that
the following estimates hold:

Lip (flg, o L;') <t Lip (Lio(flg)”") < t, (4.13
t"JL < Jf(z) < "JL;  Vre B, (4.14

PROOF. We define Ej as the set of points z € E where f is not differentiable or J f(z) =0
(i.e. df, is not injective).
Next we fix:
ec>0suchthatt t4e<l<t—e;
e (' C F dense and countable;
e S dense and countable in the set of injective linear maps L : R¥ — R".

)
)
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For every x € C, L € S, and i > 1 we define:
E(z,L,i) = {y € Biji(x) : f is differentiable at y, df, is injective, (4.15) and (4.16) hold} ,
where (4.15) and (4.16) are:
Lip (dfyoL™") < t—e  Lip(Lodf,') < (t7'+e)". (4.15)
[f(2) = fy) = dfy(z —y)| < elLz—y)|  V2€ Boyly). (4.16)

Step 1 The sets E(x, L, i) enjoy the properties (ii) and (iii).

It is not difficult to conclude (4.14) from (4.15), using elementary linear algebra. More-
over, note that (4.15) and (4.16) imply

Lz —y)l < 1f(2) = f)l < t{L(z —y)] (4.17)
for every y,z € E(x, L,1). Therefore, f|g, is injective and (4.13) follows easily.
Step 2 The sets E(x, L,i) cover E'\ Ey.

Let y € E'\ Ey. Then f is differentiable at y and df, is injective. Therefore, from the
density of S in the set of injective linear maps A : R¥ — R, it follows that there exists an
L for which the bounds (4.15) hold.

Since L is injective, there exists a ¢ > 0 such that c|v| < |L(v)| for every v € R*. From
the differentiability of f at y, it follows that for some i > 0 we have

[f(2) = fly) —dfy(z —y)| < eclz—y| < elL(z—y)| V2 Bai(y).
From the density of C, there exists € C such that y € By/;(x). Therefore, y € E(x, L,1).
This shows that the sets {E(x, L,i)} cover E \ Ey and concludes the proof. O

PROOF OF THE AREA FORMULA. Fix ¢ > 1 and let {£;} be the sets of Lemma 4.12.
Define inductively Ey := Ey and

Then {£;} is a Borel partition of E. We claim that
| et = [ () ) dnte). @)
f(E) f(E:)

i>0

We will prove this equality later. First we will show how to combine it with the lemmas
proved above in order to obtain (4.1).
From Lemmas 4.10 and 4.11 it follows that

/f(~ A((fl5) " W) A (y) = /E T () dLMz) . (4.19)

Fo)
From Lemma 4.12(ii) it follows that

[ A ) ) = (). (1.20
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From (4.13) and Proposition 2.12(iv) we conclude

AN (Li(E)) < AN (F(E) < 6" (Li(E)). (4.21)
From Lemma 4.9 we obtain
A (Li(Ey)) = /E | JLi(x)d.ZL*(z), (4.22)
and finally from (4.14) we have
t" /E | Jf(x)dL (x) < /E | JLi(z)d L (x) < " /E | Jf(z)dL" (). (4.23)
From (4.20), (4.21), (4.22), and (4.23), we obtain
o [ f@azie) < [ A1) ) dt ) < e [ @) a2,
E; f(E:) E;

(4.24)
Therefore, from (4.18), (4.19), and (4.24) we conclude

zn/EJf( )AL (o / A (y)) dA(y) < tQ”/EJf(x)d.,?k(x). (4.25)

Letting t | 1 we obtain the desu"ed formula.

To complete the proof we need to show that (4.18) is valid. First of all, note that for any
N € N, the following inequality is trivial

H° )) dA* (y A°(( A" (y) . 4.26
[T Z / L U ) et 29
Letting N T oo we conclude
H° )) dA (y A°(( A" (y) . 4.27
[T ED3 / ((Fle) ') dAy).  (427)
Therefore, to prove (4.18) it suffices to shovv'
H° )) dA*(y A" (y) . 4.28
[ 20T ED3 / ) dAM ). (428)

After p0551bly subdividing each E; into a countable number of subsets, we can assume that
LH(E;) < 0o. Define Fy := JY, E; and note that

>, / )M y)) dtF(y) = lim A (fHy) N Fy)doA(y).  (4.29)

i>1 F(EN)

For every N > M we can write

A (f(y) N Fy) dot*(y /%O y) N Fy) d[FC f(Fu)](y).  (4.30)
F(FN)

Since S*(Fy) < oo and f is Lipschitz, from Proposition 2.12(iv) we obtain % (f(Fy)) <
oo. Therefore, the measure iy := %1 f(Fyy) is finite. Moreover, the function

gn(y) = A"(f(y) N Fy)
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converges pointwise on f(Fy) to g(y) := H*(f(y)). Hence, letting N 1 oo in (4.30), w

conclude
3 / “L(y)) dot(y / A ) dpne(y) (4.31)
i>1 7 (E)

Since Fy; T E, from the o—additivity of the Hausdorff measure we obtain (4.28). O

3. The Geometric Lemma and the Rectifiability Criterion

PROOF OF LEMMA 4.7. The condition (4.3) implies that the map Py |p is injective. Let
L1,y Tk, Y1y - -+, Ynk be a system of orthonormal coordinates such that

V = {(a:,y) NTRES O}.

It follows that for every z € G := Py (F) there exists a unique y € V+ such that (z,y) € G.
Hence, we can define a function ¢ : G — V* such that

F = {(z,9(x)) : z€G}.
Note that if z; = (21, g(x1)) and 25 = (29, g(22), then

PV(21 - 22) = T, — Ty and Qv (21 - 22) = g(z1) — g(x9).
Therefore, (4.3) can be translated into |g(z1) — g(22)| < |21 — 22| and we conclude that ¢
is Lipschitz. Proposition 2.17 shows that there exists a Lipschitz extension of g to V. This
concludes the proof. l

PROOF OF PROPOSITION 4.6. We remark that all the sets defined in this proof are
Borel. Checking this is a standard exercise in measure theory.

First of all we define the sets
k

F,; = {x € FE:#"FENB(r)) > for all r < 1/2} , (4.32)

,
J
where 7 and j are positive integers. Since F C U - F; ;, it suffices to prove that each F; ; is
rectifiable. From now on we restrict our attention to a fixed F; ; and we drop the indices 4, j
to simplify the notation.

Next we fix a finite collection of linear planes {V,...,Vy} such that for every linear
plane V' we have
C0,V,a) C C(0,V,,,2a) for some V,,,.

For any fixed £ > 0 we define the sets
To= {x € F: A*(ENB(2)\ Oz, Vin,20)) < erf for all r < 1/l} .

Im

Clearly, we have F' C UlmGlE,m' Therefore, it suffices to prove that for some ¢ > 0 each
G7,, 1s rectifiable. We will be able to show this provided that e is smaller than a geometric
constant ¢(«, j), where j is the parameter which appears in definition (4.32). Therefore, the
choice of ¢ is independent of [ and m.

We set 2p := min{;j~',I7'} and we will prove that Gj,, N B,(y) is a subset of a k-
dimensional Lipschitz graph for every y and whenever € < ¢(«, j). Without loss of generality,
we carry out the proof for the case G := G7,, N B,(0).

Let us briefly summarize the properties enjoyed by G:
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(a) G C B,(0);
(b) H*(E N B,(z)) > j~ 'k for every x € G and every r < 2p;

(c) HA*(EN B (x)\ Clz, Vin,2a)) < er® for every z € G and r < 2p.

We claim that there exists a constant c¢(«, j) such that
if e < c(a, 7) then G C C(x,Vp,4a) for every z € G. (4.33)

In view of Lemma 4.7 this claim concludes the proof.
We now come to the proof of (4.33). First of all, note that for every « there exists a
constant ¢(«) < 1 such that for every cone C(z,V,4«) we have:

if y € C(z,V,4a),  then Bayy—a(y) NC(z,V,20) = 0; (4.34)
cf. Figure 2.

SN boundary of
S N C(x,V,2a)

’ AN boundary of
C(x,V, da)

FIGURE 2. The geometric constant ¢(a) of (4.34) is given by |2/ — z|/|z — z|,
where z is any point distinct from y which belongs to the boundary of
C(z,V, 4a).

Then (4.33) holds for
[e(e)]*

2k5
Indeed, assume by contradiction that the conclusion of (4.33) is false. Then there exist
x,y € G such that y & C(z,V,,,4a). From (a) we know that r := |z — y| < p. From (4.34)
we obtain

cla, g) =

Beyr(y) € R"\ C(z, Viy, 2a).
From (b) we conclude

(cla)r)

A (Ba(x) NEN\ C(x,Vin,2a)) > H"(Beay(y) NE) > ]_
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Therefore, from (c) we obtain (2r)* > j~1(c(a)r)¥, which yields e > j7127%[c(a)]* = c(a, j).

This contradicts the choice € < ¢(«, j) and therefore concludes the proof. U
4. Proof of Theorem 4.8

ProOF OF THEOREM 4.8. We assume, without loss of generality, that the measure p is
finite.

From tangent measures to rectifiability.
Let x be a point where
Tang(p, z) = {cx%kL%},
where ¢, is a positive constant and V, a k—dimensional linear plane. We first prove that
oo > 0 (u,x) > 0F(u,x) > 0. (4.35)

Let 0 < ¢ < 1 be a compactly supported continuous function such that ¢ = 1 on B; /2(0).
Then

o1 _
lgfgﬁ / o(y) dptar(y) = co / o(y) d*(y) € [cown2™", cowp] .

Hence, we conclude

.. (B ) )

hr?l%)nf% > 11}%1 wkrk/gp(y) du“(y) = 2 k)
" (B ()

. (B (x )

lmsup =2k = Mo / o(y) dpar(y) < ca2*.

Therefore, (4.35) holds and we can apply Proposition 2.16 to conclude that u = f#*LE
for some Borel function f and some Borel set E.

In order to show that p is rectifiable, it suffices to prove that E. := EN{f > ¢} is
rectifiable. We fix ¢ > 0 and consider v := J#*_ E,. From Proposition 3.12 it follows that

Tang (v, x) = {ch%kva} for p-a.e. x, (4.36)

where ¢, is a positive constant and V, a k—dimensional plane. We wish to apply Proposition
4.6. Arguing as above, we clearly have

05 (E.,z) > 0 for #*-a.e. x € E..
Moreover, %(E,) < ¢ u(R") < oo. Thus, it suffices to check the condition on cones (4.2)
and we will do it for all points z where (4.36) holds. Indeed, fix an a > 0 and note that

H*(E.N B, C(z, Va, +r(B1(0)\ C(0,V,,
lim sup ( (:f“’)“\ (. Ve, ) = limsup Var (Bl )>k ( @) . (4.37)
rl0 r10

Note that the set A := B;(0) \ C(0,V,, ) is open and bounded and ¢, %LV, (0A) = 0.
Therefore, from Proposition 2.7 we conclude

i sup 22 (B0 C(0, Vi 0))

10 Tk

= ¢, " (V, N B1(0)\ C(0,V,,)) = 0. (4.38)

Hence, (4.2) holds and we can apply Proposition 4.6 to conclude that E. is rectifiable.
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From rectifiability to tangent measures.
From Proposition 3.12 it suffices to prove the claim when p = J#*L E, where E is a
subset of a Lipschitz graph. Thus, we assume

E = {(2f(2) : z€ G},

where G C R¥ is a Borel set and f : R¥ — R"* is a Lipschitz map.
Let H C G be the set of points z where

e f is differentiable;
e df is Lebesgue continuous;
e G has density 1 (with respect to £*).

Denote by V, the k—dimensional linear plane:

V. = {(y,df-(y)) : y e R*}.

We claim that for every zy € H we have
Tang (1, (20, f(20))) = {HA*LV.,}.

Clearly, since .Z*(G \ H) = 0, this claim would conclude the proof of the proposition

We now come to the proof of the claim. Without loss of generality we can assume that
2o = 0 and f(z9) = 0. To simplify the notation, we will write V' in place of V,, and we denote
by F' the Lipschitz map

F: R332 — (2, f(2) € R™.
Let us fix a test function ¢ € C.(R™) and recall that

5 [e@ @) = % [ () duto). (4.39)

We now use the Area Formula to write

/ 0 (%) du(z) = /G o (F iz)) JF(2)dL* (). (4.40)

Let C' > 0 be such that ¢ € C.(B¢(0)). Then we have

/G(’O <F§2)) JF(2)dZL"(z) = /GOBCT/(MPF)(O) © (@) JE(2)dL*(2). (4.41)

Recall that

e 0 is a point of density 1 for G and therefore r=*.#*(Bc,(0) \ G) vanishes;
e dF' is Lebesgue continuous at 0, and therefore

lim r—* / \JF(2) — JF(0) d£¥(2) = 0
BCT‘(O)

rl0

e [ is differentiable at 0 and hence

(20)-+(#) o

lim sup
10 e B, (0)
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From these three remarks we conclude that

13%1% { /G o ® (Fff)) JF(2)dL*(z) — /B 0? (dFi(Z)) JF(0) dz’“(z)} ~ 0.

(4.42)
Since dFy is linear, we have r~'dFy(z) = dFy(r~'z). We then change variables to obtain
1 dF
2 e () oroazie) = [ planw)iandz
r BC’I‘(O) r ]Rk
_ / o) dA* () (4.43)
.

Therefore, putting (4.39), (4.40), (4.41), and (4.42) together, we conclude

i [ @) dhos(a) = [ pla) oLV @),

r|0 ’]"k

The arbitrariness of ¢ yields r*p, = J#*¥LV and completes the proof. O



CHAPTER 5

The Marstrand—Mattila Rectifiability Criterion

In this chapter we will improve upon the characterization of rectifiable sets given in the
previous chapter. Our goal is the following result:

THEOREM 5.1. Let p be a measure such that for p—a.e. x we have
(i) 00 > 0% (s, 2) > 6 (s1,) > 0;
(ii) Every tangent measure to p at x is of the form c* LV for some k—dimensional
linear plane V.

Then 1 is a rectifiable measure.

Clearly, from Theorem 4.8 it follows that every rectifiable measure enjoys the property
above. However, the converse is much more subtle than Theorem 4.8. Indeed there is
a major difference between (ii) and (4.4): The latter implies uniqueness of the tangent
measure, whereas the former does not. Indeed, there can be a point z where (i) and (ii)
hold and Tang(u, ) consists of more than one measure. This might happen because both
the constant ¢ and the plane V' of (ii) might vary, as is seen in the examples below. The
case of Example 5.2 — where V' varies — is more relevant, since it implies that we cannot
conclude Theorem 5.1 directly from Proposition 4.6.

Note that Theorem 5.1 and Theorem 4.8 imply that, if ;1 enjoys the properties (i) and
(i) at p—a.e. x, then p has a unique tangent measure at almost every point. Therefore, the
set of exceptional points where (i) and (ii) hold but the tangent measures are not unique is
a set of measure zero.

EXAMPLE 5.2. Let I' C R? be the graph of the function f : R — R given by
: -1
() = { | 2| sin (log‘log(l—ﬂz\ )‘) for z#0

for z=0.

The measure j := LT is locally finite and satisfies both conditions (i) and (i) of Theorem
5.1 at every x € I'. If we denote by {, the line {, := {(z,az) 1z € ]R}, then

Tan; (p,0) = {0, : ac[-1,1]}.
EXAMPLE 5.3. Similarly, we let g : R* — [1, 3] be given by
g(x1,29) = 2+sin (log }log(l + ]wll’l)})

(actually g is not defined on {xy = 0} but this does not affect the discussion). Then the
measure of R? given by p = g A L {y satisfies both (i) and (ii) at every x € £y. However

Tany (p,0) = {c'Lly : c€[1,3]}.

41
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Weakly linearly approximable sets. Theorem 5.1 is a corollary of a more general rec-
tifiability criterion for k—dimensional sets of R", first proved by Marstrand for £ = 2 and
n =3 in [16] and later generalized by Mattila in [18].

DEFINITION 5.4. Let E be a k—dimensional set of R™ and fix v € R™. We say that E is
weakly linearly approximable at x if for every n > 0 there exists A and r positive such that
e For every p < r there exists a k—dimensional linear plane W (which possibly depend

on p) for which the following two conditions hold:
HP(ENBy(x) \ {z:dist (x+W,2) <np}) < np"; (5.1)
AN (ENB,,(2)) > XN*  forallz € (x+W)N B,(z). (5.2)

The first condition tells us that, at small scales around x, most of E is contained in a
tubular neighborhood of x + W see Figure 1.

FIGURE 1. The set given by the intersection of the ball B,(x) with the strip
{z : dist (z + W, z) < np}. Condition (5.1) implies that most of E'N B,(z) lies
within this set.

The second condition says that at small scales, any small ball centered around a point z
of x + W contains a significant portion of F; see Figure 2.

x4+ W

FIGURE 2. A point z on (z+ W) N B,(z) and the small ball B,,(z) centered
on it. According to (5.2) this ball contains a significant portion of E.

If p:= fA#*LE is as in Theorem 5.1, then these two conditions are satisfied at J#*—
almost every point of E. Therefore, Theorem 5.1 follows from the following proposition.



1. PRELIMINARIES: PURELY UNRECTIFIABLE SETS AND PROJECTIONS 43

PROPOSITION 5.5 (Marstrand-Mattila Rectifiability Criterion). Let E be a Borel set
such that 0 < #*(E) < oo and assume that E is weakly linearly approzimable at " -a.e.
x € E. Then E is rectifiable.

Plan of the chapter. In the first section we introduce some preliminary definitions and
lemmas and in the second we prove Proposition 5.5. In the final section we show how
Theorem 5.1 follows from Proposition 5.5.

1. Preliminaries: Purely unrectifiable sets and projections

First we introduce the definition of purely unrectifiable set.

DEFINITION 5.6. Let E be a k-dimensional set with *(E) > 0. We say that E is
purely unrectifiable if for every Lipschitz k-dimensional graph T we have %' N E) = 0.

The following decomposition property of Borel sets with finite Hausdorff measure is a
simple corollary of our definition:

THEOREM 5.7 (Decomposition Theorem). Let E be a Borel set such that %(E) < oo.
Then there exist two Borel sets E*, E™ C E such that
e F"UE" =F;
e " is rectifiable;
e K is purely unrectifiable.

Such a decomposition is unique up to % -null sets, that is: If F* and F" satisfy the three
properties listed above, then

HHE\F") = AHFFT\E") = B\ F*) = % F“\ E*) = 0. (5.3)
PRrROOF. We define
R(E) := {E' : FE' C Eis Borel and rectifiable} .

and
o« = sup HF(E).
E'eR(E)
Let {E;} C R(E) be such that #*(E;) T . Then we set E" := |JE;. Clearly E" is
rectifiable, E” C E, and J#*(E") = a. We claim that E°:= E\ E" is purely unrectifiable.
Indeed, if there were a Lipschitz graph I' such that s#%(E¢NT) > 0 we would have that

A" (E"U(CNE%)) > a. (5.4)

Since E" U (I'N E°) € R(E), (5.4) would contradict the maximality of .

To prove the uniqueness of the decomposition, note that the intersection between a purely
unrectifiable set and a rectifiable set always has #* measure 0. Therefore, if F” and F* are
as in the statement of the theorem we have

HHE"NEY) = A*(E'NFY) = A*(F'NEY) = A*(F'NF") = 0. (5.5)

Since E" U E* = E = F" U F*, (5.5) implies (5.3). O
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We are now ready for the following two lemmas. The first is a trivial application of the
Decomposition Theorem and of the Besicovitch Differentiation Theorem. The second relies
upon the Geometric Lemma of the previous chapter. Note that both of them will no longer
be required after proving Proposition 5.5.

LEMMA 5.8. If Proposition 5.5 were false, there would exist a purely unrectifiable set E
which is weakly linearly approzimable at 7% -a.e. v € E.

PROOF. Assume that Proposition 5.5 is false and let F' be an unrectifiable set which is
weakly linearly approximable at #%-a.e. v € F. Let F"UF™ be the decomposition of F into
a rectifiable part and purely unrectifiable part given by Lemma 5.8. Recalling Proposition
2.2, we have that

I HF(F N B, (z))
"o 5(F N B,(z))

for s#%-a.e. x € F*. Moreover, note that, if F' is weakly linearly approximable at z and x
satisfies (5.6), then F™™ is also weakly linearly approximable at x.

Therefore, we conclude that F™ is purely unrectifiable and weakly linearly approximable
at A% -a.e. x € I O

=1 (5.6)

LEMMA 5.9. Let E be a purely unrectifiable set with finite Hausdorff measure and which
is weakly linearly approzimable at 7#*-a.e. x € E. Then %Py (E)) = 0 for every k-
dimensional linear plane V.

REMARK 5.10. From the Besicovitch—Federer Projection Theorem (see for instance The-
orem 18.1 of [21]) we know that every purely unrectifiable set E with finite 7% measure has
null projection on almost every k—dimensional plane V. Here, “almost every” is with respect
to the natural measure that one can define on the set of k—dimensional linear planes of R™
(the so called Grassmannian manifold G(m, k)); cf. Section 3.9 of [21]. However, one can
find examples of purely unrectifiable sets which project to sets with positive measure on some
k—dimensional plane; see for instance Lemma 18.12 of [21].

ProoF. We fix 0 < e < 1/2.

Step 1 As is often the case, we start by selecting a compact set C' C E such that
HF(E\ C) < € and the conditions of weak linear approximation of C' hold at every point
x € C in a uniform way. More precisely

(Cl) There exists a compact set C' C E and positive numbers 7,7, d such that
HEEN\C) < ¢ n < de < ¢ (5.7)
and for every a € C' and every r < ry the following two properties hold:
HF(E N By(a)) > or,
there exists a k—plane W s.t. CN B,(a) C {z : dist (z,a+ W) < nr}. (5.9)

In order to show (Cl) we first select C’ compact such that:

o HEN\C) <g/2;
e There are positive r; and ¢ such that condition (5.8) holds for every r < r.
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This is clearly possible since (5.2) implies that the lower density of E is positive at J#*
almost every z.
Recall that F is weakly linearly approximable at s#*-a.e. € C. Therefore, we can
select:
(a) A compact set C' C C" with J£%(C"\ C) < /2,
(b) a positive number 7 < de, and
(c) a positive ry < ry,
such that for every a € C' and every r < ry there exists W satisfying
k
AT (EN By (a)\ {z : dist (z,a+ W) <nr/2}) < <772—T) : (5.10)

Clearly, C, §, n and ry satisfy both (5.7) and (5.8). We claim, that for a« € C' and r < 7y,
the plane W of (5.10) also meets condition (5.9). Let us begin by assuming the contrary.
Then there would exist z € C'N B,(a) with dist (z,a + W) > nr. Therefore, B,, 2(2) would
be contained in By, (a) \ {z dist (z,a+ W) < nr/ 2} Hence, we would have

(5-8) k
H¥(Bor(a) NEN {z ¢ dist (z,a+ W) < nr/2}) > #*(ENBypla)) > 6 (%) ,
which contradicts (5.10).
Step 2 Now let us fix an arbitrary k—dimensional linear plane V. For each i € N define
the sets

= {aEC’ : CNB-i(a)\ Cla,V,n™) _Q)}

By the Geometric Lemma 4.7, the intersection of C; with a ball of radius ¢~
a Lipschitz graph. Therefore, since C' is purely unrectifiable, we have

vs) -

It follows that for J#*—a.e. a € C there exists b € C' N B,,(a) N Bi-1(a) such that
Qvb—a
n

1'is contained in

b ipt—a)

and hence

[Py(b—a)l < nlb—al.
Set r := |a — b, let W satisfy (5.9) and define ¢ := Py (b — a) + a. From the first step it
follows that |¢ —b| < nr. Since Py is a projection, we obtain |¢ —a| < |b—a| = r. Moreover,
recalling that n < e < 1/2, we obtain

lc—a|l > [b—a|l—|c=b > (1 —n)r > r/2.

Therefore, the vector w := (¢ — a)/|c — a] is a unit vector which belongs to W and is such
that |Py(w)| < Cn, where C' is a geometric constant, independent of . We claim that this
implies

H" <Pv<{2 : dist (z,a+ W) <nr} ﬁBr(a))> < Cyprk, (5.11)

where (] is a geometric constant; cf. Figure 3.
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 dist (z,a+ W) < nr}

nr

a+W
FIGURE 3. The projection of the set {z : dist (z,a + W) < nr} N B,(a) has

size comparable to 7 along at least one direction.

Indeed, after translating and rescaling, (5.11) is equivalent to showing that

A" <PV<{2 D Qw(2)| <n}ﬂBl(O))> < Cin. (5.12)

Now, let W’ be the subspace of W perpendicular to w and set V' := Py, (W'). V is a linear
space and its dimension is at most m — 1. Hence, there exists a vector v € V perpendicular
to V' with |v| = 1. Clearly, |(v,w)| < |Py(w)| < n. We conclude that |((,v)| < n for every
¢ € Wn By(0). Therefore, for every ¢ € B;(0) we can compute

(Gl < KPw(Q), v+ [(Q@w((),v)] < n+[Qw(C)].
This equation implies that
Pr({z s IQu <n} NBIO) € {z : |(z0)] < 20} N1 Bi(0)

and since v € V and |v| = 1, this establishes (5.12) and hence (5.11).
Combining (5.11) with (5.9) we obtain

%”k(PV(C'ﬂ Br(a))) < Cinrt

and hence

%k(PV(CHET/Q(a))) < Cinr*. (5.13)

_ Step 3 Using a Vitali-Besicovitch covering we can cover % —almost all C' with balls
B,,(a;) which are pairwise disjoint, centered at points of C' and with radii less than (/2.
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Hence, we can write

¥ (Py(C)) Z%k PACAB, (@) < Zcmr

I
Q
3
Qq
%
A
0
M
%

Moreover, since Py is a projection,
AT (Py(E\C)) < H#*E\C) < e.
We conclude that
A (Py(E)) < A5(Py(E\C))+2#"%(Py(C)) < (14 Cr*(E))e
The arbitrariness of € gives S#*(Py(E)) = 0, which is the desired claim.

2. The proof of the Marstrand—Mattila rectifiability criterion

47

(5.14)

We argue by contradiction and assume that the proposition is false: Therefore, Lemma
5.8 gives us a purely unrectifiable set E which is weakly linearly approximable at #*-a.e.
r € FE. Lemma 5.9 implies that the projection of this set on every k—dimensional plane is a

null set. Then the strategy goes roughly as follows:

e We fix a ball B,.(z) around a point x where F is well approximated by a plane W.

e We show that for most of the points y in B,(x) the set E'N B,.(y) is well approxi-

mated by a plane W, which is “almost perpendicular” to W. This will follow from
H*(Pyw(E N B.(x))) = 0.

The conditions of good approximation and the fact that W, is almost perpendicular
to W imply that close to y there is a “column” of pairwise disjoint balls of size
smaller than (but still comparable to) r and centered at points of E. This column
is almost perpendicular to W. On the other hand there must be many such points
close to all the points of W N B,(z). Therefore, there are many of these columns of
balls. See Fig. 4

By condition (5.2), each of the balls above gives a significant contribution to s#*(EN
B,.(z)), which therefore turns out to be large.

Since the upper density of a set E is bounded from above by 1 in a.e. point, the
previous conclusion would give a contradiction.

Proor. We argue by contradiction and assume that the Proposition is false.

Lemma 5.8 and Lemma 5.9 we conclude the existence of a set E such that
(a) 0 < H*(E) < oc;
(b) S%(Py(E)) = 0 for every k—dimensional plane V;

From
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;
j

FIGURE 4. The columns of balls close to the planes W,,.

ON

(O~

(c) E is weakly linearly approximable at s#%-a.e. z.

Step 1 As is often the case, by standard measure theoretic arguments, we pass to a
subset F' which enjoys properties (a) and (b) and a strengthened version of (¢). First of all
we start by choosing a compact set /' C E such that

(al) 0 < HF(F) < oo;
(d) There exists rq and § positive such that
H*(EN Bu(a)) > 6r* for all a € F and r < ry. (5.15)
Next we fix any positive n < 1 and we claim the existence of a compact set Fy C F' such
that
(a2) 0 < H*(F) < oc;
(e) There exist r €]0,79[ and 7 > 0 such that for every r < r; and every a € C, we
can choose a plane W with the following properties
FNBy(a) C {z: dist(z,a+ W) <nr}, (5.16)

A (EN By (b)) > y(nr)* forallbea+ W. (5.17)
Indeed, from the definition of weak linear approximability, there exists a compact F} C F,
r1 €]0,70[ and y > 0 such that:
e (a2) holds;
e For every r < ry there exists a plane W which satisfies (5.17) and

A" (EN By(a)\ {z ¢ dist (z,a+ W) <nr/2}) < 6( ) . (5.18)

Since F; C F, from (5.15) and (5.18) we conclude (5.16), arguing as in Step 1 of the proof
of Lemma 5.9 (cf. the proof of (Cl)).
Finally, we claim the existence of G C F} such that

(a3) 0 < H#%(G) < oc;
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(f) There exists a positive 1o < 11 such that for every r < ry and every a € G we can
choose a k—dimensional linear plane W which satisfies (5.17) and

FNBy(a) C {z: dist(z,a+W)<nr} (5.19)
(a+W)NB.(a) C {z: dist(z,F)<nr}. (5.20)

Indeed, using the Besicovitch Differentiation Theorem and (5.15), we can select a compact
set G C F} and a positive 5 < r; such that (a3) holds and

A ((E\ F)N By (a)) < 7<%>k Vr <. (5.21)

Now, for every a € G and r < 1y, select W such that (5.16) and (5.17) hold. Clearly (5.19)
follows from (5.16). It remains to show that (5.20) holds. If it were false, there would be a
b€ (a+W)nN B,(a) such that B,,(b) N F = (. Therefore,

AMEABLB) = A*((E\F)A B, () < #*(E\F)NBy(a) < 2 ()"

which would contradict (5.17).

Step 2 We fix a 0 < t < yn*/2, which will be chosen appropriately later (together with
the n of the previous step).
Next we take a point a € GG such that
e 0*(a,G) <1
o lim,r*#*((K\ G) N B,(a)) = 0.

Without loss of generality, we assume that a = 0 and we select r3 < ro such that

A (ENB(0) < 2wpr”, Vr < rg (5.22)
A ((E\ G) N By, (0)) < tr Vr <rs. (5.23)

After fixing r = 0 < r3, we select a W which satisfies (5.19) and (5.20). Recall that
HM(Pw(G)) < H*(Py(E)) = 0. (5.24)

We will show that for n and ¢ sufficiently small, (5.17), (5.19), (5.20), (5.22), (5.23), and
(5.24) lead to a contradiction.

We start by introducing some notation: For b € W and p € R* we denote by D,(b) and
by C,(b) the sets

D,(b) == B,b)NW  C,(b) = {x : Py(z) € D,(b)},

which we will call (respectively) the disk and cylinder centered at b of radius p. Their
geometric meaning is illustrated in Figure 5.
We set H := D,(0) \ Pw(G N B,(0)). Note that H is an open set, since G is compact.
For every x € H we set
p(x) = dist (z, Pw (G N B,(0))) .
Observe that
plx) < no. (5.25)
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/ D,(a)
D

N
-

A

e}
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>

~—

FIGURE 5. The disk D,(a) and the cylinder C,(b).

Indeed, if this were false, we would have B,,(x) N G = (). Therefore, we would conclude

HHENBy(@) = H((E\GC) N Bylw))

< H*((E\G)N By(0)) S 7(7720)16’

which contradicts (5.17).
Using the 5r—Covering Lemma, we can find a countable set {x;};c; C H N Dy/4(0) such
that, if we set p; := p(x;), we find
e The disks {Daop, ()} cover H N Dy )4(0);
e The disks {Dy,,(x;)} are pairwise disjoint.
Since S (H N Dy/y(0)) = H%(D,4(0)) = wi(o/4)*, we conclude that

1 HF(H N Dyyy(0)) wyo®
Zwkpf = Q—OkZWk(QOPi)k 2 20F ! = R0F (5.26)

iel icl
We define the subsets of indices K and J as
J={iel : CopNFNB0)£0} K :=1I\J. (5.27)

For every 7 € J we denote by y; a point of F'N C,,/» and recall (5.19), which implies
lyi — Pw (y;)| < no. Therefore, when 7 is chosen sufficiently small, we obtain that

Bpi/Q(yi) C BU(O)‘

Recall that y; € F satisfies the lower density condition (5.8). Therefore, we have

A Colw) 1 (E\NGY N BA0) = A (EN Byaly) > 25
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Hence

St < 3O, () 1 () 6) N B (0))

icJ icJ 0
ok ok 5k
< L AM(BNG)NB,0) < 2T

where the second inequality follows because the cylinders C,, (x;) are pairwise disjoint. Com-
bining this estimate with that of (5.26), we conclude that there is a positive constant ¢ (which
does not depend on any of the quantities r;, 7, 0, ) such that

Zwkpf > co”, (5.28)
ieK
provided ¢ is chosen sufficiently small.

Step 3 To simplify the notation, from now on we will write C; in place of C),(x;). For
every i € K, denote by z; a point of 9C,, N G N B,(0). Recall that such a point exists
because, according to our definition of p;, we have

pi = dist (z, Pw (G N B,(0)).
Next, we fix a k—dimensional plane W; which meets the conditions (5.19) and (5.20) for the
choice a = z;, r = p;/8n.
Since i € K, according to definition (5.27), we have
Cpi/g NFN BU(O) = 0.
Since (5.20) holds and nr = p;/8, the intersection of W; + z; with C,,, /4(z;) N B,(0) must be
empty. An easy computation yields that this is possible only if
(2i + Wi) N Cyp, (1) N By 2(0)
contains a segment S; of length c;0, where ¢; is a geometric constant; cf. Figure 6.
Therefore, there is a second geometric constant ¢y such that on the segment S; we can
find
N > cy0/p;

.....

we have
pi < o
and thus we conclude -
-
By (5.20), each ball B,, /g(z]) must contain a point w} € F. Therefore, from the density
lower bound (5.15) we have

N > (5.29)

3pf
8k -
From our considerations, it follows that the balls {B,, /8(wf ) }iz1,..n are also pairwise disjoint

and contained in Cy,, (x;). Since the cylinders {Cy,, (2;) }icx are pairwise disjoint, we conclude
that the family of balls

A" (E N Bpi/8(wg)) 2

(5.30)

{B,s(wl) :ieK,j=1,...,N}
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el Cap,
1

—
>< Cpi

va:/ 4

Large segment in
(ZZ' + WZ) N Cgpi N BU

Wi + z;

FIGURE 6. Since the intersection of W; 4 z; with C, 4(x;) N B, (0) is empty,
(zi + W;) N Cyp,(z;) N Byj2(0) contains a large segment of size comparable to
.

are pairwise disjoint.
Therefore, from (5.29) and (5.30) we conclude

AMENB(0) = Y > AYENB, () > ZZ(ZJ

i€EK j 1 ek j=1
Z e >
= wk = wkr
8’% : 8’%%77

Recalling (5.28), this yields a positive constant c3 (1ndependent of ¢ and 7) such that

A (BN B,(0)) > c;;%rk.

Therefore, we can choose 7 so small that we obtain a contradiction to (5.22). This completes

the proof.
3. Proof of Theorem 5.1

PROOF. First of all, from Proposition 2.16, it follows that u = fs#*L E for some Borel
set E and some nonnegative Borel function f. Our goal is to prove that E N {f > 0} is
rectifiable. In order to do this it suffices to show that this is the case for E, :== EN{c™! >

f>c}forany 1 >c>0.

Fix ¢ €]1,0[, set F := E, and define v := "L F. Then, by the Besicovitch Differenti-

ation Theorem and from Proposition 3.12 we have

0*(F x) = % and  0f(F.z) =
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Tang(v,x) C Tang(p,x)/f(z).
Therefore, for p—a.e. x we have that
0o > OF(F x) > 0%(F 2) > 0 (5.31)
Tang(v,z) C {a"LV : a>0 and V isa k-dimensional linear plane}.  (5.32)
We now prove that at every point x which satisfies (5.31) and (5.32), F' is weakly linearly
approximable.

Let us fix an z where (5.31) and (5.32) hold and assume by contradiction that F' is not
weakly linearly approximable at z.

Without loss of generality we can assume x = 0. Then there exists a positive n and a
sequence r; | 0 such that:

e cither
A (FN B, (0)\ {z:dist(W,2) <nr;}) > nrk (5.33)
for every k-dimensional plane W and every j;

e or, for every k-dimensional plane W and for every j, there exists z;w € W with

ti et (0 B (i)
7’]'1,0 T?

= 0. (5.34)

Set v; == Tj_kl/oﬂ,].. Since 0**(v, z) < 0o, we can assume that a subsequence (not relabeled)
of {v;} converges to v, € Tang(v,x). From (5.32) it follows that for some k-dimensional
linear plane W and some constant ¢ > 0 we have v, = cZFLW.

From the definition of v}, (5.33) would translate into

v, <Bl(0) \ {7 : dist (W, 2) < 7]}) > 7. (5.35)

Consider the set Q which is the closure of Bi(0) \ {z : dist (W, z) < n}. From Proposition
2.7, we have
AP (WNQ) = ve(Q) > limsupr;(Q) > 7,
gTeo
which is a contradiction because W N = ().
Similarly, (5.34) would translate into the existence of a sequence of points x; € W N By (0)
such that
lim (B (x)) = 0.
J100

Passing to a subsequence we can assume that z; — = € W. Therefore, we would conclude
ent = AW N B,(x)) = va(By(z)) < hTm vi(By(z;)) = 0. (5.36)
7T
On the other hand, by Proposition 2.7 we have
OF(F,2)wrp® < veo(B,(0)) = ep” for Z'-a.e. p>0.
From (5.31) we conclude that ¢ > 0, which contradicts (5.36). This concludes the proof. [






CHAPTER 6

An overview of Preiss’ proof

In this chapter and in the forthcoming three ones we will give a proof of Preiss’ Theorem,
which is outlined below.

THEOREM 6.1. Let m be an integer and p a locally finite measure on R™ such that
0 < 0™(p,x) = 0™ (u,z) < oo for p—a.e. x. Then p is an m—dimensional rectifiable
measure.

Note that the cases m = 0 and m = n are trivial. In the case m = 1 and n = 2,
the Theorem was first proved by Besicovitch in his pioneering work [2]. More precisely,
Besicovitch proved it for measures of the form 11 E, when E is a Borel set #!(E) < oo
and his proof was later extended to planar Borel measures by Morse and Randolph in [24].
In [23], Moore extended the result to the case m = 1 and arbitrary n. The general case was
open for a long time until Preiss solved it completely in [25].

Marstrand Approach. Recalling Proposition 3.4, the assumption of Theorem 6.1 yields
the following:

Tan,, (1, z) C {0(p,z)v : v €eU™R™)} for p—a.e. x. (6.1)

Hence, if the following conjecture were true, we could apply Theorem 5.1 to conclude that
1 is rectifiable.

CONJECTURE 6.2. If v € U™(R™) then there exists an m—dimensional linear plane W
such that v =" LW.

Such a conjecture is quite easy to prove when m = 1, and therefore, combined with
Proposition 3.4, it yields a proof of Theorem 6.1 for m = 1. This proof differs from the
“classical” proof of Besicovitch-Moore, which heavily relies on the fact that connected 7'
finite sets are rectifiable. This new approach to the problem was introduced by Marstrand
in [16], though not using the language of tangent measures. In that paper Marstrand proved
the following theorem when m = 2 and n = 3:

THEOREM 6.3. Let m be an integer and E C R™ be a Borel set such that 7™ (F) < co.
If the density 0™ (E, x) exists and is equal to 1 at ™ ~a.e. x € E, then E is rectifiable.

In the language of tangent measures, the idea of the proof of Theorem 6.3 is that, for
JCM—a.e. x, the tangent measures to " L E enjoy a stronger property than just belonging
to U™(R™). This property allows to show that any such measure is of the form J#™L W,
and therefore makes it possible to apply the Marstrand—Mattila Rectifiability Criterion. This
approach was completed in the general case by Mattila, see [18].

When m = 2 it is shown in [25] that the answer to Conjecture 6.2 is positive and therefore
Marstrand’s approach can be completed even for Theorem 6.1. However, we will see that

55
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the proof of this requires considerable work. When m > 3 Conjecture 6.2 turns out to be
wrong, as is seen in the following example:

EXAMPLE 6.4. Let I’ be the 3—dimensional cone of R* given by
{2} = af+ a3 +a3}.
Then #3LT € UP(R*Y). We refer to Section 1 for the explicit calculations.

As we will see, there is a way to overcome this obstacle which finally leads to a proof of
Theorem 6.1 in the general case.

Part A of Preiss’ strategy. First, let us recall the following corollary of the argument
that Marstrand used to prove Theorem 3.1 (cf. Corollary 3.9):

COROLLARY 6.5. Let m be an integer and 1 € U™(R™). Then there exist an m-
dimensional linear plane V' C R™ and two sequences {x;} and {r;} such that

Hayry  * .
—= = "LV in the sense of measures.

r!

The first step towards the proof of Theorem 6.1 is then the following Lemma:

LEMMA 6.6. Let p be as in Theorem 6.1. Then for p—a.e. x the following holds:
(P) If v € Tan,,(p, z), then r~"v,, € Tan,,(u, z) for every y € supp (v) and r > 0.

REMARK 6.7. From the definition of tangent measure it follows easily that
v € Tan,,(u,z) = r "y, € Tan,, (4, x) at every x and for every r > 0.

Note, however, that (P) is much stronger and it cannot be expected to hold at every point
x. For instance, if we take the cone C of Example 6.4 and we set u := 3_C, then
Tang(u, 0) = {u}, whereas it is clear that for any x # 0 and every r > 0 we have r>pu, . # pu.

Proposition 3.4, Corollary 6.5, and Lemma 6.6 yield the following Theorem, which was
first proved by Marstrand in [17].

THEOREM 6.8 (Part A). Let pu be as in Theorem 6.1, then for p—a.e. x € R™ there exists
a plane W, such that 0(u, )™ LW, € Tan,,(u, ).

In other words, in spite of the existence of Example 6.4, we conclude that at almost every
point x, the set of tangent measures contains at least one plane.

Part B of Preiss’ strategy. Let us first introduce some notation which will be very useful
in the rest of these notes.

DEFINITION 6.9. We denote by G(m,n) the set of m—dimensional planes V' of R™ and
by G (R™) the set
Gm(R") = {A"LV : VeG(m,n)}.
We call the measures of G,,(R") flat measures.

Taking into account Theorem 6.8, Theorem 6.1 will then follow from Theorem 6.10 below.

THEOREM 6.10 (Part B). Let p1 be as in Theorem 6.1 and x a point such that
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o Tan,,(u, ) C O(p, x)U™(R™);
e Tan,,(u,z) contains a measure of the form O(u,x) 7™V for some m—dimensional
plane V.

Then Tan,,(u, x) C 0(u, )G (R™).

In other words, Theorem 6.10 says that, if the set of tangent measures to p at the point
x contains a plane, then any tangent measure to p at x must be a plane. Theorem 6.8 and
Theorem 6.10 imply that at p—a.e. x, the set of tangent measures consists of k—dimensional
planes. Therefore, we can apply Theorem 5.1 to conclude that p is rectifiable.

A very sketchy outline of the strategy of Preiss’ proof of Theorem 6.10 is the following:

e The set of m—uniform measures can be divided into two subsets, given by G,,(R")
and its complementary U™ (R"™) \ G,,(R™).

o If u e U™(R™) \ G,n(R™), then on very large balls 1 must be quite different from a
flat measure (i.e. it must be “curved at infinity”). This translates into the fact that
Gm(R™) is, in some sense, disconnected from U™ (R") \ G,,,(R™).

e On the other hand Tan,,(u, z) enjoys some “connectedness” properties, just from
the way it is defined: It is the set of blow—ups of the same measure at the same
point. Therefore, it cannot happen that Tan,,(u,x) contains at the same time an

element of O(u, )G, (R™) and one of O(u, z)[U™(R") \ G, (R™)].

In order to exploit these ideas we will need this and the next three chapters. More
precisely, Theorem 6.10 will be split into the three key Propositions 6.16, 6.18, and 6.19.
The proof of each proposition is contained in one of the next three chapters, whereas in this
chapter we will show how they imply Theorem 6.10.

Plan of the chapter. In Section 1 we prove that the measure of Example 6.4 is flat. In
section 2 we prove Lemma 6.6 and Theorem 6.8. In Section 3 we introduce some definitions
and we state the three Propositions 6.16, 6.18, and 6.19 which are the three main steps
for proving Theorem 6.10. In Section 4 we show how Theorem 6.10 follows from these
Propositions.

1. The cone {23 = 2% + 23 + 2%}
In this section we will set I' := {z € R* : 23 = 22 + 23 + 22}. Our goal is to prove the
following

PROPOSITION 6.11. The measure 772 _T belongs to U*(R?).

A direct proof of this proposition can be found in the paper [11]. Indeed in this paper the
authors, using differential geometric arguments, show the following complete classification
result.

THEOREM 6.12. u € U™ H(R™) if and only if u is flat or m > 4 and there erists an
orthonormal system of coordinates such that p = ™ 'L {x? + 22 + 22 = 22}.
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Here we propose a proof of Proposition 6.11 which is less direct. This proof is not much
longer than that given in [11] and it exploits some calculations and tricks that will be used
again in the proof of Theorem 6.10. However, we first need the following definition and the
subsequent technical lemma:

DEFINITION 6.13. Let P be the set of polynomials of one real variable. Then we let R,
be the vector space generated by

{f e C®(R™) : f(z)=a+ P(|z|)e ™ where PeP,aeR, b> O} .

The proof of the following lemma is a straightforward application of the Stone—Weiestrass
Theorem. We include its proof for the reader’s convenience.

LEMMA 6.14. Let g € C.(R) and define G € C.(R™) as

G(z) = g(|z|).
Then there ezists a sequence {Gr} C R, such that Gy, — G uniformly on the whole R™.

Proor. Clearly G € R, if and only if G(z) = g(|z|) for some g € R;. Therefore, it
suffices to prove the lemma when n = 1.

Let [0, 0o] be the one—point compactification of [0, co[ and note that every f € R, extends
to a unique function f € C ([0, 00]). We denote by R the vector space given by the continuous
extensions of functions of K. ~

Since R4 is an algebra of functions, the same holds for R. Moreover, note that

e For every a,b € [0, 00] there exists a function f € R such that f(a) # f(b).

e For every a € [0, o0] there exists a function f € R such that f(a) # 0.
Therefore, we can apply the Stone-Weierstrass Theorem to show that R is dense in C/([0, oc]).
This concludes the proof. U

PROOF OF PROPOSITION 6.11. Step 1 In the next steps we will prove that
(claim) for every p € I'\ {0} there exists a constant ¢, such that
A%(B,(p)NT) = ¢’ Vr>0. (6.2)

This claim suffices to prove the Proposition. Indeed fix p € T'\ {0} and recall that T is a C*
manifold in a neighborhood of p. Therefore,

3
¢, = lim 7 (Br(p) i F)

rl0 ’]"3

= W3,

and hence (B, (p) NT') = wyr® for every r > 0 and p € I\ {0}. On the other hand, if we
fix r > 0, we can take a sequence {p;} C I'\ {0} such that p; — 0 in order to conclude that

%3@ N BT(O)) = limojfg(F N Br(pi)) = wyr’.
pi—

Step 2 Let us fix p € I'\ {0}. In order to prove (6.2) it suffices to show that for every
function ¢ € C.(R), there exists a constant ¢, such that

/cp (M) dP LT (z) = c,r® for every r > 0. (6.3)

r
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Indeed, knowing (6.3) we could take a sequence of ¢; € C.(B;(0)) which converges pointwise
everywhere to 1p, (). In this case, the constants c,, would be uniformly bounded and passing
to a subsequence, not relabeled, we could assume that they converge to some constant c,,.
Plugging ¢; in (6.3) and passing to the limit in 4 we would conclude that s#3(T' N B,.(0)) =
cprs.

Now, let B be the set of functions f € L'(R*, s#3LT) such that
o f(x) =(|z —pl);

e There exists a constant ¢, which satifsies (6.3).
Clearly this set is a vector space. We claim that it would suffice to show

el e B, (6.4)

in order to conclude (6.3).
Indeed, assume for the moment that (6.4) holds and take the derivative in r of the equality

/e"’”‘p2/T2 dA#* L T(z) = er’
to obtain

2 2
/7\Ir3p\ e~ lz—pl?/r? dA#° L T(x) = cr.

From this we conclude that |z — p[%‘“’““ﬂ2 belongs to B. Taking a second derivative we find
(| = pl* + |z —p|»)e 7" € B,

and hence we conclude |z — p|*e~1*=?I* € B. By induction, we obtain (|z — p|?)*e~*7" € B
for every positive integer k. Therefore, (6.4) would imply that, if P is a polynomial, then
P(lz — p|*)e”"? € B. A change of variables implies that every function of the following
type belongs to B:

P(|z —])]2)e’“|:"’p‘2 where P is a polynomial and a > 0.

By linearity, we conclude that for every v € R,,, the function g(x) := ~(z — p) belongs to B.

Now fix f € C,(R*) of the form ¢(|z — p|). Clearly, el*?Fp(]z — p|) is still a continuous
compactly supported function. Then using Lemma 6.14 we conclude that there exists a
sequence of functions {7} C R, such that the functions fi(x) = vy, (z—p) converge uniformly
to el*P*p(|z — p|). Therefore, for every fixed > 0 we could compute

\/QO (u) d%3|_F(x) — llgiTm/e_iB—PP/rQ,yk(x _p) d%?’LF(])) .

r

On the other hand e~ 1**/"~,(z) € R,, and hence e~1*=?*/"~, (z — p) € B. This means that
/@(LZM) dAPLT = c,r®

Step 3 It remains to prove (6.4), that is

for some constant Cop-

I(r) = /e’”%p'2 dA° L T(x) = er? for every r > 0. (6.5)
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Note that the cone I' is invariant for dilations centered at the origin and rotations that keep
(0,0,0,1) fixed. Therefore, it suffices to show (6.5) when p = (1,0,0,1). We compute

I(T) _ / / 6—r2 [($1—1)2+$§+$§+($4—1)2} d%2($) dp —. / J(P) dp )
0 T'ndB,(0) 0

Note that (1 —1)* + 23 + 23 + (x4 — 1)® = |2]* + 2 — 2(x1 + 24) and that T' N 9B,(0) is
given by
{ra=p/V2, 2t + a2+ a2l = p*/2} U{as = —p/V2, 2T + a5 + 2 = p*/2} .
Therefore, we can compute
J(p) = e (P*+2) <e‘/§r2p + e_‘@’?p) / 2’01 >
z3+ad+x3=p2/2
= ) <e‘/§r2’) + 67\@"2”) K(p).

We use the spherical coordinates (6, ¢) — (cos @, sin 0 sin ¢, sin § cos ¢) to compute

2 ™ ™
K(p) = % / e V2 reos 09 gin g df = \g; 5 / eV reos? (\/2r?psin 0) df
0 0

T _ o |:6ﬁr2’0—67\/§7n2’0:| '
0 \/§r2

™p 67\/57"2/) cos 6
V2r?

Hence, we conclude

J(p) = \/7;»2 e~ (P*+2) <e‘/§r2p + e_‘/ﬁTQp) <e‘/§T2p - e‘ﬁ”Q”)
_ TP 42 <ezﬁr2p _e—zﬂr%) _ <€—r2(p—ﬂ>2 _e—r2<p+ﬁ>2> _
V2r? V21?2
Therefore,
I(r) = T {/OO e—TQ(p—\/ﬁ)dep _ /Oo e—rQ(p+\/§)2pdp}
\/57‘2 0 0
m o 242 & 22
= e+ V2)dt— | e (t—V2)dt
V2r? {/—\/5 /\/5
™ V2 242 o 2,42 o 2,2
= / e tdt + V2 / e”dt+/ e "V dt
Var? | v G v
00 V2 3/2
- = [ / e dt + / et dt] — W—3
r ) o r
This concludes the proof. O

2. Part A of Preiss’ strategy

The aim of this section is to prove Lemma 6.6. In order to do this, it is very convenient
to use the metric d on the space of measures M introduced in Proposition 2.6, which induces
the topology of the weak* convergence on bounded subsets of M.
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ProOOF OF LEMMA 6.6. It is enough to prove that the following condition holds for
j-a.e. a:

(R) If v € Tan,, (i, a) and = € supp (v) then v, 1 € Tan,,(u, a).
Indeed, let a be a point where (R) holds and fix b € R", ( € Tan(u,a), and r > 0.
Note that v := r™™(y, € Tan,,(u,a) and that r="(,, = vy/,1. Hence, applying (R) to
x = b/r € supp (v), we conclude that =™, € Tan,,(u, x).

In order to prove (R), for every k,j € N we define

Apj = {a eR" : " € Tan,,(u,a) and x, € supp (¢*) such that
—-m a 1 1
d(r ,uw,y%’l) > z Vr < 3} .

Clearly it suffices to show that u(Ag;) = 0. We argue by contradiction and assume that
p(Ay ;) > 0 for some k and j. For some R > 0 we have that the set

By = Apjn{a : R <07 (p,a) = 0" (p,a) < R}
has positive measure. We drop the indices from B ; and we consider the set
S = {Vﬁaﬁl}aeB :
Note that S is a set of uniformly locally bounded measures. Indeed recall that vg (B,.(0)) =

v*(B,(0)) = 0(p, a)r™.
We cover S with a countable family of sets G; of type

1
;= o d )< — ¢ .
Clearly for some ¢ we have

u({aEB : ygmleGi}) > 0.

Therefore, if set A := G;, we have that
e pu(A) >0;

e For every a € A there exists v* € Tan,,(a, u) with

d(r" oz, Ve 1) > % for every r < % (6.6)
and
d(ve 18 1) < i for every a,b € A. (6.7)
We choose:
e a € A such that
i AADBH@) (6.8)

e 7; | 0 such that
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e a; € A such that

]ai — (a+ rixa)} < dist (@ + rxq, A) + Q ) (6.10)
i
Note that
. A
lim S8t @+ 72, A) (6.11)
iToo T
Indeed, if we had
) dist (a + riz,, A)
lim sup > c,
iToo T

then from (6.8) we would obtain v*(B.(0)) = 0, which is clearly a contradiction to 6" (i, a) >
0.
Note that

—-m _ —-m * a
o Hair = (Ti Na,n)u 1 Vaat-
T b

k3

Therefore, for r; < j~! sufficiently small we have
1

AV, 177 " ) < 5 (6.12)
On the other hand, since a; € A we have
% < d(Vi 17 " Har,) (6.13)
From the triangle inequality we obtain
d(l/giwl,?“i_muai,”) < d(l/gfwl, l/;la’l) + d(l/gaﬂl, Ti_m/iai,n-) ) (6.14)

From (6.12) we find that the second summand in the right hand side of (6.14) is strictly less
than (2k)~!. The same inequality holds for the first summand in view of (6.7). Therefore,

we conclude
A2 17 ) <

xai,h 7

which contradicts (6.13). O

| =

Proor oF THEOREM 6.8. Note that at a point x where Corollary 6.5 and Lemma 6.6
hold, we conclude that the weak* closure of Tan,,(u,z) contains a measure of type v =
O(p, )LV where V is an m—dimensional linear plane. Now, from the definition it
follows that Tan,, (i, =) is a weak* closed set. This completes the proof. U

3. Part B of Preiss’ strategy: Three main steps

We begin by stating a definition of the tangent measures at infinity which is obtained by
a scaling procedure which is the opposite of a blow up, namely a “blow down” of the original
measure.

DEFINITION 6.15. Let a € Rt and pu be a locally finite measure. Then we define
Tan, (i, 00) as the set of measures v such that there exists r; T oo with

/’LO,Ti i

r¢

(2
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Note that when p € U™ (R"), the family of measures

Hr
{ rm }r>0
is locally uniformly bounded. Therefore, for every sequence {r;} T oo we can extract a
subsequence 7;(;) such that rl._(;’)‘uo,mj) 2y for some measure v.
In Chapter 7 we will show that m—uniform measures have a unique tangent measure at

infinity. Proposition 6.16 below provides the precise statement.

PROPOSITION 6.16. Ifv € U™(R™), then there exists ¢ € U™(R™) such that Tan,, (v, c0) =

{¢}-

This proposition means that the whole family of measures {71, },~o converges to ( as
r 1 oo. Therefore, we will speak of the tangent measure at infinity to v. Such a uniqueness
property yields that the measure ( is, in some sense, a “cone” and therefore it will enable
us to draw many useful conclusions about its structure.

DEFINITION 6.17. We say that a measure v € U™(R™) is flat at infinity if the tangent
measure at infinity is flat.

In Chapter 8 we will show that, if v € U™(R"™) and its tangent measure at infinity is
sufficiently close to a flat measure, then v is flat at infinity. More precisely we will prove the
following;:

PROPOSITION 6.18. There exists a constant € > 0 which depends only on m and n such
that:

o [fveU™(R™), {¢} = Tan,,(v,c0), and

min / dist® (, V) d¢(x) < e,
B1(0)

VeG(m,n)
then C is flat.
Finally in the last chapter we will prove the following proposition.

PROPOSITION 6.19. If v € U™(R"™) is flat at infinity, then v is flat.

4. From the three main steps to the proof of Theorem 6.10

In this section we will show how Theorem 6.10 follows from the three Propositions of the
previous section. In order to do this we will need the following lemma.

LEMMA 6.20. Let p € C.(R™) and consider the functional F': M(R™) — R given by

F(u) = Verél(i%n)/cp(z) dist® (2, V) du(z) .

Then F(p;) — F(p) if s = p.

Fix ¢ € C.(B2(0)) such that 0 < ¢ <1 and ¢ = 1 on B;(0). From the very definition
of the functional F', a measure p € U™(R") is flat if and only if F'(u) = 0. The idea of the
proof of Theorem 6.10 is then the following. Assume by contradiction that there exists a
point z where a tangent measure « is flat and another tangent measure v is not flat. Let yx



64 6. AN OVERVIEW OF PREISS’ PROOF

be the measure tangent at infinity to v. Then from Proposition 6.19 we conclude that y is
not flat and from Proposition 6.18 we obtain that F'(x) > . On the other hand F'(a) = 0.
Define

fr) = F(r"mo,).

Note that there exist 7, | 0 and s; | 0 such that r,™p,,, — « and sy"jes, — X-
Hence, from Lemma 6.20 we conclude that f(ry) | 0 and limsup,, f(sx) > €. On the other
hand, Lemma 6.20 implies that f is continuous. Therefore, the function f should have the
oscillatory behavior sketched in Figure 1.

FiGURE 1. The graph of f

Clearly f(ry) will be below &, for k large enough. Denote by oy the first point where f

reaches again the level . One can show that 74/} 1 co. If we assume that o, ™1y 0, = 19
for some measure &, the condition 74 /0) T oo implies that there exists a sequence of points
0r € [ok, k] such that 6, ", e, converges to the tangent measure to ¢ at infinity. Since
f(or) = €, & cannot be flat. On the other hand, since f(6;) < e, Proposition 6.18 implies
that the tangent measure to £ at infinity is flat. Therefore, we find a contradiction to
Proposition 6.19.

We will give the details of this argument after proving Lemma 6.20.

ProOF oF LEMMA 6.20. First of all, let V; be such that

F(u;) = /gp(z) dist? (z, V;) dy; .

Up to subsequences we can assume that V; converges to an m—dimensional plane V.. There-
fore, the functions ¢(-) dist (-, V;) converge uniformly to ¢(-) dist? (-, Va) and we find that

iToo

This implies that

lim [ o(z)dist? (2, V;) dp; = /cp(z) dist? (z, Vao) dyt .

hHTlinf Fpi) > F(u).

Finally, let V' be an m—dimensional plane such that

F(p) = /gp(z) dist? (z,V) dpu .
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Since
l%m o(2)dist® (2, V) du; = /gp(z) dist? (z,V) du,
we conclude that
limsup F() < F(y).
iToo

This concludes the proof. 0

PROOF OF THEOREM 6.10. We argue by contradiction and we fix a point z such that
e Tan(u,z) C 0(p, z)U™(R");
e There exists v € Tan(u, ) such that v/0(u, x) is flat;
e There exists ¢ € Tan(u, z) such that v/0(u, x) is not flat.

Without loss of generality we can assume that 6(u,z) = 1.
Now, let x be the tangent measure to v at infinity and fix a nonnegative ¢ € C.(By(0))
such that ¢ = 1 on B;(0). Proposition 6.18 and Proposition 6.19 give that

F(x) > ¢. (6.15)
Note that x € Tan(u,z). Now we fix 7, | 0 and s; | 0 such that
,UCC,Tk i v ,U“I,sk i X )
y S

We can also assume that s, < r,. Define

f(?") = F(Tfm/io,r) .
Since v is flat, from Lemma 6.20 we have
lim f(ry) = F(v) = 0.
10

Hence, for r; sufficiently small, we have

flry) < €. (6.16)
On the other hand, since
lim f(s) = F(x) > e,

Sk 10
for s sufficiently small we have

f(sk) > €. (6.17)

From Lemma 6.20 we conclude that f is a continuous function of r. Hence, we can fix
ok € [k, k] such that f(or) =€ and f(r) < e for r € [0y, r]. By compactness there exists
a subsequence of {0y}, not relabeled, such that o, ™, ,, converges weakly* to a measure
& eU™(R™). Clearly,

F(§) = lm flon) = <.

Hence, £ cannot be flat. Now, note that ry/or — oo. Indeed, if for some subsequence, not
relabeled, we had that 7 /oy converges to a constant C' (necessarily larger than 1), we would
conclude that

foc _

Cjn@

and hence ¢ would be flat.
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Next, note that for any given R > 0 we have
(Rok) ™" e oy = R™™& R -

Hence,
F(fo,R) = ]1€1Tf£ f(RUk) .
If R > 1 we have Roy > 0. Moreover, since 1 /o, — 00, we conclude that Roy € [oy, 1]
whenever k is large enough. Therefore, we conclude that
F(R’mﬁo,R) < e for every R > 1.
Let ¢ be the tangent measure at infinity to £&. Then
= i -m < g.
F() }#glo F(R fo,R) S €

Applying Proposition 6.18 we conclude that v is flat, and hence from Proposition 6.19 we
conclude that ¢ is flat, which is a contradiction. 0



CHAPTER 7

Moments and uniqueness of the tangent measure at infinity

In this chapter we will prove Proposition 6.16, that is the uniqueness of tangent measures
at infinity for m—uniform measures. For the reader’s convenience we state again Proposition
6.16 below.

PROPOSITION 7.1. If p € U™(R™), then there exists ( € U™(R™) such that Tan,,(u, 00) =

{¢}-

A first easy remark, which will be used many times in subsequent chapters, is that the
condition of m-uniformity of the measure p allows us to compute [ @du for radial ¢’s,
without any further information on p. This is stated more precisely in the following lemma.

LEMMA 7.2. Let ¢ : R — R* be a Borel function, p an m-uniform measure and y a
point in the support of . Then

[ elahdne) = [ le=shduta) = [ s(ehazn@. @

PRrROOF. Denote by B,(y) the n—dimensional ball of radius r centered at y € R™ and by
B,(z) the m~dimensional ball of radius 7 centered at z € R™. Since u(B,(0)) = u(B,(y)) =
W™ = £™(B,(0)), the identity (7.1) is clear when ¢ is piecewise constant. Therefore, a
standard density argument gives (7.1) in the general case. O

Next we introduce a normalization of the measures r~™" g ,: Namely we multiply them
by a Gaussian.

DEFINITION 7.3. Let p € U™(R™). Then we set u, = r’me""Quo,r, that is, for every
Borel function we have

[e@innt) = [0 (%) duta).

Note that if v € Tan,,(u, x) and r; T 0o is a sequence such that

—m *
Ty Hor — Vs

then p,, — eIy, Therefore, the tangent measure to p at infinity is unique if and only if
the measures u, have a unique limit for r T oo.

Moments. Since p € U™(R™), it is not difficult to check that for every polynomial P the
function

Fp(r) = /P(z)dur(z)

67
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is uniformly bounded. Assume we could prove the existence of the following limit for every
polynomial P:
lim Fp(r). (7.2)

rToo

We then would have that, if ¢ and & are tangent measures at infinity to u, then

/ e FEP(2) d((2) = / e P(2) de (2)

for every polynomial P. This is enough to conclude that the measures ¢ and & coincide.
Therefore, our goal is to prove the existence of the limits (7.2). In order to do this we
introduce the following notation.

DEFINITION 7.4 (Moments). Let u € U™(R™), uy,...,ur € R", and s € RT. Then we
define

I(s) := /e_”2 du(z)

2s k 2
) = B [z o) e dGe).
The reader will recognize that by (uy,...,uz) is closely related to Fp(s71/2) when we

choose P(z) = (z,u1)(z,us) ... {z,ux). Since, for each fixed k, the space of k-linear forms on
R™ is a real vector space of finite dimension, we consider on it the standard topology. Under
this convention, the limits

11?01 sVl | (7.3)

exist if and only if (7.2) exists. Hence, our final goal is the following:
PROPOSITION 7.5. If € U™(R™), then the limits (7.3) exist.

The moments by, , are, in a certain sense, generalizations of the barycenter

bp(p) = 7™ / zdp(z),
B, (0)

defined in (3.17) and used in Section 3 to study a—uniform measures. One sees immediately
the convenience of multiplying by a Gaussian, which allows to integrate over the whole R™.
However, we will see soon that this is not the only reason for choosing the Gaussian: This
choice will play an important role in many algebraic computations.

Note that, thanks to Lemma 7.2, I(s) is independent of the measure p. This is not the
case for the k-linear forms bfis. However we will drop the superscript when the measure p
is clear from the context.

Taylor expansion. In Lemma 7.6 below, we will make use of the following notation
by (") = b (2,2, 7).

A similar notation will be used whenever we will deal with k-linear forms. The existence of
the limits (7.3) follow from a key calculation involving moments, stated in point (b) of the
following lemma.

LEMMA 7.6 (Taylor expansion 1). Let u € U™(R™). Then
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(a) There exists a dimensional constant C' (depending only on m) such that

2kkk/2
}bk,s(ul,...,'&k)’ S CTsk/Q\ull\uk\ (74)
(b) For every q € N there exists a constant C' such that
Z by,s (") — Z I < C(s\x!Q) 2 for every x € supp (). (7.5)
k=1 k=1

Let us adopt the convention by (z°) = 1. Then, for s|z|? < 1, point (b) can be formally
rewritten as

Z bs(z") = eslel for every x € supp (p). (7.6)

What follows is the “formal” computation that leads to (7.6), which will be rigorously
justified in Section 2:

> S{Z,T k 2
ths(%k) _ ZI /2]€7|>) —s|z] d,u( )

_ I(S)—l/ [Z (28<Zle>) ] —s|z|2du( ) _ ](S>—1/62s(zx Y —s|z|? du( )

k=0
R O (O i T}

Actually this computation turns out to be valid for every x € R™. When in addition we have
x € supp (p), Lemma 7.2 gives [e=*1#=%" du(2) = [e=" du(z) = I(s), and hence (7.6).
Point (b) of Lemma 7.6 is the starting point of next proposition.

PROPOSITION 7.7 (Taylor expansion 2). Let u € U™(R™). Then for j,k € N there exist
symmetric k—linear forms b,(g ) such that:

9 ipld)
s7b
For all ¢ € N we have Upy = Zl jf +0(s9); (7.7)
=

b =0 ifk>2j; (7.8)
2q

Z b,(cq) (z%) = |o|™ for all ¢ € N and all x € supp (). (7.9)
k=1

This proposition concludes the proof of the uniqueness of the tangent measure at infinity.
Indeed, according to all that has been discussed so far, we just need to show the existence
of the limit (7.3), which is a trivial consequence of (7. 7) and (7.8).

When we have to specify the dependence of the form b on the measure p we will write
bZ . In order to visualize the relation between (7.6) and (7.9), we will use the table below.
Clearly, the first row gives the Taylor expansion of e1*I* — 1. When z € supp (1), the same
is true for the first column, according to (7.6). Moreover, according to (7.7) and (7.8),
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the interior rows are the expansions of by ,(z*). Therefore, the interior columns must be
“expansions” of s*|z|?*/k! when z € supp (11).

bs.s(2°) 0 0 b)) b (@) L6 (a0)
bas(a) 0 PN 0P S0t S0 @)
bs.o(a?) 0 2676 H00(%) 60t b (a?)
ba.s(2?) sby! (2?) 5057 (%) 5050 (a2) 5650 (a?) 565 (a?)
br.a(x) shi'(z) 0P (2) 0P (@) Ho(@)  Hb(2)
el — 1 sle? gl Sl Kl S

Plan of the chapter. In section 1 we will show how Proposition 7.7 implies Proposition
7.1. In section 2 we will prove Lemma 7.6. Finally, in section 3 we will use Lemma 7.6 to
prove Proposition 7.7.

1. From Proposition 7.7 to the uniqueness of the tangent measure at infinity

FrOM PROPOSITION 7.7 TO PROPOSITION 7.1. From Proposition 7.7 we observe that:
e If N is odd, then

. bN7S(I'1,...,I'N)
lslg]l N2 =0
e Forany k € N
o o bops(Tr,.. .
lslfgl 2k,8( ISk Qk) _ bg]?(xly--wak)-

In both cases we conclude that the limits

lim bN,S(x17 B 7xN)

exist. Recall that

(2;[{ [(S)il /<Za u1><Z, U2> R <Z, uN>e*S‘Z‘2 CZ/L(Z) ,

bN7S(U1, e ,UN) =

where

I(s) = /es"ﬂ2 du(z) .
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From Lemma 7.2 and Proposition B.1 we have

I(s) = / e pm(z) — Sim / e qm(z) — (f)m/ :

S

Therefore

bs(uns . -
N, (U;Nﬂ UN) _ C(N,m)sN/2 m/2 /(z,ul)(z,ug)...<z,uN>e s|z| du(z),

where C'(N,m) is a positive dimensional constant, independent of s. If we define r := s'/2
we obtain

b s\U1,...,U Cj fv;7TL T]v 22
Ns ;N/Q N) _ (Tim)/@,uﬁ..«z,u]@e || du(z)
C(N,m)

- 7 /(rz, u) .. (rzun)e T dpu(z)

/’nm
~ C(N.m) / (). un)e d [200] (2
,r.m
Therefore, we conclude that the limits (7.2) exist whenever P is a polynomial of the form
<U1,»...<UN3')
Let {ry} and {sx} be two sequences of real numbers such that
o 7 T 00, s T 00;
i ,rk_m/’b$,7’k i Vl? S];m/’b$,sk i V2'
We set 7' := e P! and 72 := e 1112, Clearly,
/’er i 171 Msk i 172 .

Note that for any 5 € N and € > 0 there exists M > 0 such that

/ ubdp () < .
R7\ B/ (0)

Therefore, we conclude that

lim [ (z,u) dp,, (2) = /(z,u)j di't(z)

r 10

lim [ (z,u) dus, (2) = /(z,u}j dir*(z).

Sk l0
Hence, following the previous discussion, we conclude that

/ (2 u) dit(z) = / (2, u) di(2). (7.10)

This implies that for every polynomial P in n variables we have

/e_|z|2P(z) dv'(z) = /e_|z|2P(z) dv?(z). (7.11)
Using the expansion

7!

o _ g (VA
)
=0
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one also obtains the equality

/e_(1+a)|z|2P(z) dv'(z) = /e_(l*'a)'“"?P(Z) dv*(z) (7.12)

for every nonnegative a. Therefore, a density argument like that used in Step 2 of the proof
of Proposition 6.11 (see also Lemma 6.14) gives v! = 2. We include it below for the reader’s
convenience.

Clearly it suffices to show

/gp(z) dv'(z) = /go(z) dv*(z) (7.13)
for every ¢ € C.(R™). Let B be the vector space generated by functions of the form
b+ e*(Ha)‘ZPP(z) ,

where @ > 0, b € R and P is a polynomial. To prove (7.13), it suffices to show the following:

(D) For every compactly supported function ¢ € C'(R™) there exists a sequence {1;} C B
which converges uniformly to .

Indeed assume (D), fix ¢ € C.(R"), and choose {¢;} C B which converges uniformly to
¥ := el'’p. Then we have

/6_321/)1»(2) dv'(z) = /6_|z|2¢i(z) dv?(z). (7.14)

Since {¢;} is uniformly bounded, we let i T oo in (7.14) to obtain (7.13).

In order to show (D), fix ) € C.(R™), denote by S™ the usual one—point compactification
of R™, and denote by ¢ € C.(S™) the unique continuous extension of ¢. For every x € B
there exists as well a unique extension ¥ € C,(S"). Denote by B the vector space of such
extensions. Then B is an algebra of continuous functions on a compact space, it separates the
points, and it vanishes at no point. Therefore, we can apply the Stone-Weierstrass Theorem
to conclude that there exists a sequence {121} C B which converges uniformly to ¢. The
corresponding sequence {1;} € B also converges uniformly to ¢. This concludes the proof
of (D) and of the proposition. O

2. Elementary bounds on b ; and the expansion (7.5)

PROOF OF LEMMA 7.6. (a) Recall that

brs(ur, ..., ugp) = %I(s)_1 /(z, w) .z up)e 1 du(z) .

Hence, we obtain

S k 2
2l 1) [l ).

b5 (u, -y un) | < Jual . gl
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Recall the computation already performed in the proof of Proposition 7.1: From Lemma 7.2
and Proposition B.1 we have

I(s) = /es"ﬂ2 du(z) = /esz2d$m(z)
s_m/2/€_|z|2 dL™(z) = <z)m/2. (7.15)

S

Therefore
-1 k_—s|z|? 2k k/2 1/2 1k _—|s/22|? m/2
|z|%e du(z) = T2l |s*/<z|"e d[s™*pu(z)] . (7.16)
Using Lemma 7.2 and changing variables we obtain
[ )] = [ e s )
= / |2[Fe " d.2m(2) . (7.17)

From (B.4) and (B.6) of Proposition B.1 we obtain

/ lz[fe P a2 (z) < C(m)K*?, (7.18)

where C'(m) is a dimensional constant that depends only on m.
Hence, (7.15), (7.16), (7.17), and (7.18) give the bound (7.4).

(b) When s|z|? > 1, we can use the following rough bounds:

2q q k1 o12k 4 _k|..12k
k s" || s"|z|
D sl =Y — Zbks 1D
k=1 k=1 k=1
(7.4) 12 2’%/2 +1/ =1
k=1 ’ =1

< Cy(m)(slaf?) ™,

where here we have used the summability of the series

o0 Qkkk/Q
>
k=1

which follows from Stirling’s formula k! > Ck*¥e=*. Note that in this case we do not need
the condition = € supp (u). On the other hand, such a condition is crucial when s|z|? < 1.
First of all, note that
| p[2K

N
2
E = el
k!

k=0
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More precisely:

a2 q k|x‘2k B sk|x‘2k
‘ > - K| T k!
k=0 k=q+1
=1
< S‘IH\:B]Q‘”QZE = esttp[? 72, (7.19)
k=0

By the bounds (7.4) it turns out that, for s|z|* < 1,

o0 0 Qkkk Qkkk/2
;\bk,s(xk)\ < ;OT sH2) k< OZ .

We already observed in the previous step that the last series is summable. Therefore, we
conclude that

> ba(z")
k=1

is summable for s|z|?> < 1. Moreover, we can estimate

Dbkl =D obah)| < DD Pt € D st
=1 k=1 k=2q+1 k=2g+1
o 2kkk/2

< (slaf?)rt? Csla)r2. (7.20)

<
k! T
k=1

Let us fix the convention that by s(z") := 1. Then, from (7.19) and (7.20) it follows that the
proof is complete provided we show the equality

o0

Zbkvs(xk) = ¢l (7.21)

k=0

for every s € R™ and x € R such that s|z|* < 1 and = € supp (u).
From (7.20) and from the definition of b, ; we have

> g S(Z2,T k 2
S bualet) =t 1) [ BTt ),

[o¢]
ql —o

Note that

(23<27$>)k — 5|22 — 5|22 - (25|ZH$|)]€ —s(|22+2|2|z])
— "¢ <e ZT <e .

k=0
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Since f(-) = e~s(P+2lal) ¢ L*(u), by the Dominated Convergence Theorem we conclude

Zbk,s(xk) = I(s)l/ [Z W] 512l du(z) = [(8)1/625(z,9c>s|z|2 dp(2)
k=0 :

k=0

I(S)—lesa:Q/e—s|$|2+23<z,$>—sz2 d/L(Z)

e r(s)™! / e du(z) . (7.22)

Since x € supp (), from Lemma 7.2 we obtain

/ el P du(z) = / e dpu(z) = I(s).
Hence, from (7.22) we conclude (7.21). This completes the proof. O

3. Proof of Proposition 7.7

Before coming to the proof of Proposition 7.7, we introduce some notation.

DEFINITION 7.8. We denote by @k R™ the vector space of symmetric k—tensors on R™.
When uy,...,ur € R™ we denote by uy ® ... ® uy their symmetric tensor product, that is,
the tensor

1
H Zua(1)®--‘®ua(k)a

oeGy

where Gy, denotes the group of permutations of {1,...,k}. We use the shorthand u* when
Uy = ... = Up = U.

For each s we can regard by, 5 as an element of Hom ((Dl€ R™ R) and therefore we consider
the map s — by, as a curve in Hom (" R", R).

DEFINITION 7.9. For every pair of positive integers k,n we define X*™ as the direct sum

R'a O°R"®...0 O R".

We denote by P; the canonical projection of X*™ on @j R™.

We can extend by to a linear functional on X?¢" by setting bislimn = 0 for every

j # k. Therefore, the map s — Ziqzl br.s can be considered as a curve in Hom (X?2" R).
REMARK 7.10. On every @k R™ there exists a unique scalar product (-, ) such that

(U1 @ ... QU O ... OV = (U, v1) ... (Ug, Vg) -
DEFINITION 7.11. Let k and n be positive integers. We define on X*™ the scalar product

((-)) as )

(uv) =Y 2j<Pj<u;za-<v>>j,

j=1
Moreover, we set ||ul| := ({u,u)) and for every linear subspace V.C X we denote by V* the
orthogonal subspace

Vi = {zeX : ((z,0) =0 YoeV}.
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We are now ready to give a brief outline of the proof of Proposition 7.7. The core of this
Proposition is the Taylor expansion (7.7). Let ¢ € N. Roughly speaking (7.5) determines
(up to order ¢) the Taylor expansion of the function f(s) = Z?il br..s(x*) when z € supp (11).
Here it is convenient to introduce the multilinear notation, in order to consider the map

2q
s — by= Y by, € Hom (X*" R).

k=1

as a curve of linear operators acting on the tensor space X = X?%". Therefore, (7.5) gives
the expansion
9 k|.|2k
s*||
b(z +2°+ ... +2%) = Z X
k=1

+ ||z]|?7 o (s7) (7.23)

whenever z belongs to supp (). By linearity, this determines the values of b, on the vector
space V generated by {x + 2% + ...+ 2% : z € supp(u)}. The tensor notation gives a
concise way to express this. Indeed it is not difficult to see that there exists a unique smooth
curve

[0,00[ 55 — w,; € Hom (X,R)

such that wy(y?) = 0 if j is odd and w,(y?*) = s*|y|?*/k!. Therefore, (7.23) can be written
as bs|y = ws|y + o(s9).

Another key remark is that, for each s, there exists a subspace F such that the linear
functional b, vanishes on Fy and V & F, = X. Such an Fj is given by an explicit formula in
(7.28). If we denote by Q, the projection of X over V along Fy, then we have by = by|y0Qs =
ws0 Qs+ 0(s?). Hence, we just need to show that the curve of operators s — 5 has a Taylor
expansion around s = 0. Indeed, using the formula (7.28), we will show that this curve is
analytic in a neighborhood of 0.

PROOF OF PROPOSITION 7.7. First of all, note that (7.8) follows directly from (7.7) and
point (a) of Lemma 7.6. Similarly (7.9) follows as well from (7.7) and point (b) of Lemma
7.6. Indeed fix ¢ € N. From (7.5) we have

2q 9 k|, 2k L
Z br.s(2%) — Z ° ‘lf'| < C’(S|x\2)qJFE for every x € supp (u). (7.24)
k=1 k=1 '
From (7.7) we have
q jb(j) k
brs(a¥) = S’@ji'(x) + o(s9) (7.25)
Jj=1 '

for every x € R™. Therefore, for any fixed x € supp (i), recalling (7.8) we can write

2
s(0 () + 04" (2%) = [2?) + 5

= (09 @) + 8@ + 07 (@) + 0 (0

+...+ Z—T (Z bz(,q) (') — mZQ) | = o(s?). (7.26)

=1
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For ¢ = 1 we have
o7(@) + 8 — 2| = 57o(s)

and hence b{" (z) + b{" (z2) = 0. By induction we then obtain

2q
S b0 (@) — [af*1) = s00(s7),
=1
and hence
2q
2 = > b ().
=1

It remains to prove point (7.7).

Proof of (7.7) Let us fix ¢ € N and consider the curve

2q
Rtss — b, := me € Hom (X" R).
k=1
For simplicity we will drop the superscripts from X247,
For any k € N we denote by sy, the element of Hom (X, R) such that

wok(y) = 0 for every y € Oj R™ with j # 2k
|2k

Zk) _ “I

K
For every s € RT we denote by w; the element of Hom (X, R) given by

q
. kA
Wy = S Way, .
k=1

Finally, let V' be the linear subspace of X generated by the elements

/UA]Q]C (.T

r4+2+. 2% = r4+r0r+... +r0...0x for x € supp (u).
The aim of this new notation is to rewrite the formula (7.5) as
bs(y) = ws(y) + [[y|*o(s?)  foreveryy e V. (7.27)

Now for every s € RT we define the subspace F, C X as

F, = {UGX : <<qukPk(u),v>> =0 VUGV}. (7.28)
k=1

Clearly F, &V = X, because the bilinear form

as(u,w) = << Z s* Py (u), w>>

is a scalar product on X.
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Therefore, there exists a unique linear map @), : X — X such that:

Qs(v) =v for every v € V

Qs(v) =0 for every v € Fj.
Clearly (7.27) yields
bo(u) = we(Qs(u)) + ||ul®*o(s?)  forueV. (7.29)
On the other hand, from the definition of by, it follows that

bs(u) = /nas(u,v—i-vQ—l—...+1)2q)du(v).

Therefore, we have

bs(u) = 0 = ws(0) = ws(Qs(u)) for every u € F. (7.30)
By the linearity of by, (7.29) and (7.30) yield
bs = wso Qs+ o(s?). (7.31)

In (7.31) we understand bs and w; as curves in Hom (X, R) and @y as a curve in Hom (X, X).
Note that w, can also be defined for s = 0 and it yields an analytic curve [0, 00[> s — w;.
Therefore (7.7) would be implied by the following claim:

The curve |0, 00[> s — Qs can be extended analytically to s = 0. (7.32)
Analyticity of (s at s = 0. In what follows, for every vector space A C X, we will

denote by P4 the orthogonal projection on A with respect to the scalar product ((-,-)).
Recall that P; is the orthogonal projection on ()’ R™.

Observe that
2 2 2
<Z skPk> o (Z s_ij> = Zsk_ijon = ZP""
k=1 j=1 k,j k=1
Since the last linear map is the identity, we conclude that Z?qzl s P; is the inverse of
524 s¥Py. Therefore

2q
x € F, — x € [Zs_ij

J=1

(V4. (7.33)

We decompose the linear space V* into a direct sum @iq:l Vi, where the linear spaces Vj
are defined inductively as

Vi = VInQ@'R"

Vo, = (VP [@'R e O R"]} nV*

Vi = {vin|@OR |0V

j<k j<k
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Note that the sets V) are pairwise orthogonal and they are all orthogonal to V. Define a
linear map A, : X — X in the following way:
e A, is the identity on V;
e A, on Vj is given by P, 4+ sP,_y + ...+ s" 1P
Note that A, maps V into V and V< into F,. Moreover, note that the curve s — A, is
analytic. We claim that Ay is invertible. In order to show this, note that
e ker P, N'V; = {0}. Indeed, if w € Vj and Py(w) = 0, then w € P, GO’R™ and
therefore w € Vj_y; since w € Vj, C Vik,, we conclude that w = 0.
o Pj(Vi) =0 for j > k, since Vi, € @,-, O'R™
o P.(Vi) NV ={0}. Indeed, if x € V) and Py(z) € V, then ((z, Py(z))) = 0. Since
({(z, Py(x))) = |P.(z)|?, we conclude that Py (z) = 0.
These statements imply that the spaces V, Pi(V1), ..., Py,(V3,) are pairwise transversal and

dim(V) + Y dim(P;(V;)) = dim(V)+ ) dim(V;) = dim(X).

Therefore, we conclude that Ag is invertible.
Since Ay analytic, this implies that, in a neighborhood of 0, A, is invertible and the map
s — A7l is analytic. Set Q, := Py(A;') and note that:
e (), is analytic in a neighborhood of 0 because A7 is analytic.
e (), is the identity on V, since both P, and A;1 are the identity on V.
e For s >0 A;! maps F, into V', and therefore Q, = 0 on Fj.

Hence, Q, = Q, for s > 0, which implies that Q, has an analytic extension at 0. U






CHAPTER 8

Flat versus curved at infinity

The aim of this chapter is to prove Proposition 6.18. In particular we will prove the
following stronger statement.

PROPOSITION 8.1. Ifm =0,1,2 and p € U™(R™), then u is flat at infinity.
If m > 3, then there exists € > 0 (which depends only on m and n) such that
e If )\ is the tangent measure at infinity to pu € U™(R™) and

min / dist? (z, V) d\(z) < ¢,
VeG(m,n) B1(0)

then X s flat.

REMARK 8.2. Recall that the previous proposition is optimal in the following sense: For
n >4 and m =n—1 the measure p = A" L{x3 + 23 + 23 = 23} is in U™(R™) and clearly
the tangent measure to j at infinity is not flat (see Proposition 6.11 and Theorem 6.12).

In the proof of this proposition, a key role is played by the information gained in the
previous section: The uniqueness of the tangent measure at infinity. This uniqueness implies
a “cone” property of the tangent measure at infinity. Indeed, let i be a given measure and
consider A € Tan,, (i, 00). Let r; T oo be some sequence such that r; ™ g, A0\, Fix p>0.
Then (pr;) ™o pr; — p ™A, Therefore, p~™Xy, belongs to Tan,,(u,c0). If in addition
the tangent measure to p at infinity is unique, we conclude

Xop = p"A for every p > 0. (8.1)
It is not difficult to see that (8.1) implies the following:
x € supp (A) — px € supp (A) Vp>0. (8.2)
This consideration justifies the following definition.
DEFINITION 8.3. A measure \ which satisfies (8.1) is called a conical measure.
We summarize the information gained so far in the following

COROLLARY 8.4 (Conical property of the tangent measure at infinity). Let u, A € U™(R™)
be such that Tan,,(u,00) = {\}. Then X is a conical measure and therefore satisfies (8.1)
and (8.2).

Conical uniform measures. Proposition 8.1 holds because the same conclusion holds for
any conical uniform measure:

81
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PROPOSITION 8.5. Let A € U™(R™) be conical. If m < 2, then X is flat.
When m > 3, then there exists € > 0 (which depends only on m and n) such that, if

min dist? (z, V) d\(z) < e, 8.3
s i @ V) ) (83
then X is flat.

The combination of the conical and uniform properties yield many useful pieces of in-

formation on the tangent measure A. In particular, if we fix x, a change of variables in the
integrals that define the moments gives that

the function g(s) := b} ,(a’) is of the form cs?/2. (8.4)
Therefore, from the Taylor expansion of Proposition 7.7, we conclude that
) bis = 0 when j is odd;
o by, = (K Lsky™).
This simple remark has two important consequences. First of all, it simplifies the algebraic

relations (7.9) of Proposition 7.7. Second, since flat measures are uniform and conical, (8.4)

holds for any flat measure as well. Recall the definition of the moments skbg,’g(k). It is not

difficult to see that (8.4) implies the following identity for every conical A € U™ (R™) and for
every m—dimensional linear plane V' C R™:

/€s|z|2<z,x>j dx = /es|Z|Q<Z,IE>j dALV (8.5)

A standard density argument allows us to generalize (8.5) to point (iii) of the following

LEMMA 8.6. If A € U™(R™) is conical, then:

(i) bp_1s =0 and by, , = (k!)_lskb;‘,;(k) (therefore by, , has only one nontrivial term in
the Taylor expansion).

(if) supp (A) € {bgy (™) = [a]*};
(iii) For every u € supp (N), every f € R™ with |f| = |u| and every nonnegative Borel
function ¢ : RT x R — R we have

Lol cayare) = [ ol to.0)azm @), (8.6)
We now focus on the algebraic relation (ii) for k£ = 1. In this case we have

bV (2%) = |z for every x € supp (). (8.7)

Consider an orthonormal system of vectors ey, ..., e, which diagonalizes the symmetric bi-
linear form bgl):

bgl)(x Oy) = ar{z,e)(y,e1) + ...+ an(z, en)(y, en) . (8.8)

The bilinear form is positive semidefinite and we fix the convention that the eigenvalues «;
are ordered as ay > ag > ... > «, > 0. A simple computation using (8.6) implies that

tr bgl) = trby, = m:

LEMMA 8.7. Let A € U™(R") be conical. Then tr bgl) =trby, = m.
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PROOF. From point (i) of Lemma 8.6 we have tr bgl) = trby,. Using point (iii) of Lemma
8.6, we can compute

@) = 3B = 220 [ Y e i

= 2[(1)1/ez2\z]2d)\(z) = 2[(1)1/ e 1|22 ™ (2) .

m

This last integral can be easily evaluated with an integration by parts (see for instance

Proposition B.1) and gives tr (b3,) = m. O
Thanks to this observation, the crucial step in proving Proposition 8.5 is the inequality
Q> 1. (8.9)
Indeed this inequality and Lemma 8.7 yield that oy = ... =, =land a1 = ... =, =
0. Therefore, if we denote by V' the vector space spanned by ey, ..., ¢e,,, we obtain
bgl)(xQ) = |Py(2)]? for every x.

Coming back to (8.7), we discover that |Py(x)* = |z|? for every = € supp (A\), namely that
the support of A is contained in the m—dimensional plane V. This implies the desired claim
A=V,

The inequality (8.9) is always satisfied when m < 2, whereas for m > 3 it is implied by
the additional hypothesis (8.3). The argument of Preiss which elads to (8.9) is elementary
and uses again point (iii) of Lemma 8.6.

Plan of the chapter. In section 1 we prove the conical properties of the tangent measure
at infinity; in section 2 we prove Lemma 8.6 and in section 3 we prove Proposition 8.5.

1. The tangent measure at infinity is a cone

Proor oF COROLLARY 8.4. As observed in the introduction, p™™ ) , is a tangent mea-
sure at infinity to p. Since Tan,,(u, 00) = {A}, we conclude p™™Xg, = A.
We will now prove (8.2). Let z € supp (\) and p > 0. From point (8.1) we conclude that

P"N(B,jp(2)) = X(B:(pz)) for every r > 0.
Since A € U™(R™) and x € supp (A), we conclude
A(B(pz)) = wpr™ for every r > 0,
which implies pz € supp (\). O

2. Conical uniform measures

PROOF OF LEMMA 8.6. (i) By definition we have
. 25)7 ,
b?,s(l’]) = (;) I(s)_l/e_s'z?(x,z)J d\(z) . (8.10)

We make the change of variables w = s'/2z and we use the conical property \g, = s™A to
conclude

0 (2?) = (2;!)Jf (s)~ts/ 2 / eI (2, w)i dA(w) |
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From Lemma 7.2 and Proposition B.1, it follows that

15 = (5"

s
Therefore, we conclude

. 27 gi/2 ) .
bi(2') = 2] /6‘“" (, w)? dA(w) . (8.11)
From (7.7) of Proposition 7.7 we conclude that:
0 if 7 is odd
7,09) = |
((5/2)) 18972 by U7 (27) if § is even.

Since the values of a symmetric j-linear form b are determined by its values on the elements
of the form z7, from these identities we obtain (i).

(ii) From (i) and (7.7) of Proposition 7.7 (applied to A) we obtain
AR e
b; =0 if j # 2k. (8.12)

From (7.9) we have
2k
Z bW () = |z for every = € supp (). (8.13)
Clearly (8.12) and (8.13) give (ii).
(iii) From (i) we know that
/e‘s|z|2<z, ) tdX\(z) = 0 for every u € R™

From (i) we also know

J . )
Do (@) = o0 (%), (8.14)

s,27

Thus, we can compute

/e”2<z, u)% dA\(2)

T\ /2 ok
;) 22k82k Qk s(u )
/2

(8.14) m Nk) ok
N < ) k‘QQkSkb% (u™)

(8.12)+(3.13) m/2 (2k)!
<§) e |2+ for every u € supp (). (8.15)
Now fix an orthonormal basis ey, ..., e, on R™ and consider the vector f := |u|e;. Then we

have

/ e (, YT d™(2) = |uf / e a6 / I AL t). (8.16)
m ]Rmfl

R
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This integral is equal to 0 when j is odd. When j is even we can use Proposition B.1 to
compute it and we conclude that it is equal to

s Jlozkgh U1
Therefore, the integrals in (8.15) and (8.16) are equal.
Since this identity is independent of the choice of ey, ..., e,,, we conclude that the fol-

lowing equality

/ eIz u) dA(z) = / ez, ) dL™ (x) (8.17)
holds for every s > 0, every u € supp (\), every f € R™ with |u| = |e| and every j € N.

Let Y C R? be the set {y; > 0} and denote by B the set of Borel functions ¢ : ¥ — R
such that (|2, (z,u)) € L*(R", \) and

[t zanars = [ el @ azn (5.15)

holds for every u € supp (\) and every f € R™ with |u| = |f|. From a standard approxima-
tion argument the claim (iii) of the lemma follows from the inclusion

C.(Y) C B. (8.19)

To show that (8.19) holds, we use an approximation argument similar to those exploited in
the proof of Proposition 6.11 (see also Lemma 6.14) and in the proof of Proposition 7.1.

First of all, from (8.17) we conclude that B contains all functions of the form e~*¥iyj.
By taking k times the derivative in s of both sides of (8.17) we conclude that B contains all
functions of type

e‘sy%y%ky% for s > 0 and j,k € N.

Moreover, B is a vector space. Therefore, for every k, j, and N, B contains the functions

N . oo
efsyf 2k, j Z Slygl

1=0

Using that A(B,(0)) = £™(B,(0)), we can apply the Dominated Convergence Theorem to
show that

N i 2
: —s|z|?| |2k j s <f7 Z> m _ —s(|2|24+(2,£)2) | |2k j m
lim [ e a7, 2) (}ioi—ﬁ azm(z) = [e 224, 2 dm(2)

N 2
lim el 22k (u, 2)7 (ZO #) d\(z) = / e+ EWD) 512k 2V dA(2) .
Therefore, we conclude that any linear combination of functions of type 6*8‘y|2y%ky% with
positive s belongs to B.

Now we fix ¢ € C.(Y) and we denote by C be the vector space generated by the functions
f e C(Y) of type

a+ e QT 1)

where () are polynomials, a real constants, and s positive constants.
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We let X = Y U {oc} be the one-point compactification of Y, we set (Y1, y2) =
el o(y1,y5), and we extend it to 1) € C(X) by 1)(c0) = 0. Any function f € C has a unique

extension [ € C(X). The set C of such extensions is an algebra, it separates the points,
and it vanishes at no point. Therefore, we can use the Stone—Weierstrass Theorem to find a
sequence { ﬁ} C C which converges uniformly to . If {fi} is the corresponding sequence of
C, we then conclude that

2
gi(ybyQ) = ¢ v fi(ylay2)

converge uniformly to ¢ and g;(y) < Ce 1P for some constant C'. From that which has
been proved above, we have g; € B. The bound g;(y) < Ce ¥, together with A(B,(0)) =
Z™(B,(0)), implies that

i [ (12, (21 )) 43 = [ (el (o) A2

lim gMﬂK&fﬁifm@)ZQ/MwQHK%f»¢$m@%

iToo R™

Hence, we finally obtain that ¢ € B. O

3. Proof of Proposition 8.5
PROOF OF PROPOSITION 8.5. It is trivial to show that U°(R") consists of the Dirac

mass concentrated at the origin, and therefore in this case the Proposition is trivially true.

Let m > 1 and consider the bilinear form bg). We select n orthonormal vectors eq,...e,
such that
B (x0y) = arfm ey e + ...+ anlz, en) (yen) | (8.20)

where we fix the convention that a; > ... > «,, > 0 (recall that bgl) = bé\,p which is positive
semidefinite by definition). We claim that

ay > 1. (8.21)
From (8.21) and Lemma 8.7 we would conclude oy = ..., =1 and 1 = ... = o, = 0.
Therefore, if we denote by V' the vector space generated by ey, ..., e,,, we would conclude

that bgl)(a,j) = |Py(z)]?. Hence, from point (ii) of Lemma 8.6 we would conclude supp (\) C
{|x]* = | Py(z)|?}, that is supp (A\) C V. This would imply A = 2™V, which is the desired
claim (compare with Remark 3.14). Therefore, it remains to show that (8.21) holds.

Case m = 1,2. In this case A cannot be a Dirac mass and thus supp (A\) # {0}. If
x € supp (A), since A is conical we have z := x/|z| € supp (\). Therefore, bél)(zQ) =|z*=1.
Hence, we have the inequality

Qi = sup bél)(ZQ) > 1,
|z|=1

which proves (8.21) for m = 1.
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When m = 2, let z be as above and let f be a vector of R? with modulus 1 = |z|. Using
Lemma 8.6 we can write

Ml <1) = [ Lpoadiw)

= / 1,1 dL7%(x) = o0,
R2

Hence, we conclude that there exists a sequence {27} C supp (A) with

. / /
lim |2j] = oo (2, 2)] < 1.
By passing to a subsequence (not relabeled) we can assume that y; := 2 /|2}| converge to a
y € R™ with |y| = 1. Then we would have
(2}, 2)]
,2)| = lim —Z 0.
.9 = lim T <

Since y; € supp (), we know bél)(y?) = |y;|*> = 1. Therefore, passing into the limit in j we

obtain bgl)(gﬂ) = 1. Summarizing, we know that
yl =1l =1, o =0 ad B =00 =1
This implies ap > 1, and hence gives (8.21).

Case m > 3. Let W be any m—dimensional linear plane and assume that fi,... f; is an
orthonormal base for the orthogonal space W+. Then

k
tr (bgl)LWJ_) = tr (ngLWJ_) — ZbQ,l(fiQ)
=1

— 21(1)"! / Y e A

= C(m) /6|Z|2 dist?(z, W) dA(z), (8.22)

where C'(m) is a constant which depends only on m.
Now, let V' be the m—dimensional plane spanned by ey, ..., e,. Then we have

tr (B LV ) < min ~ tr (6" L)
m—planes W

because V= is spanned by the n —m eigenvectors of bgl) corresponding to the n —m smallest
eigenvalues. Thus, using (8.22), we conclude

/ez2 dist® (2, V) d\(z) = min /e|z|2 dist? (z, W) d\(z) < ¢. (8.23)
m—planes W
Now let § > 0: We claim that if € is sufficiently small, then

for all e € V.1 By(0) there is z € supp (A\) such that |z —e| < 6. (8.24)
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First we show that for ¢ sufficiently small (8.24) yields the statement of the Proposition.
Indeed apply (8.24) to e = e, and let & € supp (A) be such that |z — e,| < 6. Since

a; + (m — 1)am, < tr (b5”) = m for every i <m — 1 (recall Lemma 8.7), we conclude

a;,—1 < (m—1)(1—ay) for every 1 <m — 1. (8.25)
Moreover, from the definition of o; we have
o < oy <1 for every i > m. (8.26)

Since = € supp (A) we have

n

D aiz,e)? = bV (2%) = |zf.

i=1

Therefore,
" (8.26)
0 = Z(ai — 1)z, e;)* < Z(ozZ — 1){z, ;)?
i=1 i=1
(8.25) m—1
< m=D1=am) > (e’ + (am — 1)(z, )
i=1
m—1
= m-1D0—-amn) Y (—en,e)?
i=1

_(1 - Oém)(<6m7 em> + <€m7x B 6m>)2

< (1—ay) <(m -1) Z_ &= enl?— (1— |z — em\)2>

< (IT—am) ((m=1)%"—(1-190)°) .

When § is sufficiently small, the number (m — 1)2§% — (1 — §)? is negative. Therefore, for §
sufficiently small the inequality above is satisfied if and only if a,, > 1, which is the desired
conclusion.

It remains to prove (8.24). We argue again by contradiction. If the claim were wrong,
then we would have a number 6 > 0, a sequence of m—uniform measures {\;}, a sequence of
m~—planes {V}}, and a sequence of points {x}} such that

liTm e 1 dist? (2, V3,) dhi(2) = 0

x € Vi and A(Bs(z)) = 0.
Since everything is invariant under rotations, we can assume that V, = W and z;, = =.
Moreover, we can also assume that A, — X. Then it follows that A € U™ (R"), supp (A\) C V

and A\(Bs(x)) = 0. On the other hand, the first two conditions imply easily that A = ™ LV
(compare with Remark 3.14) and hence they are incompatible with the third condition. [



CHAPTER 9

Flatness at infinity implies flatness

In this chapter we will make the last step towards the proof of Preiss’ Theorem and we
will prove the following proposition:

PROPOSITION 9.1. Let p € U™(R™) and V' an m—dimensional plane. If ™LYV s the
tangent measure to j at infinity, then = "LV

The first information which we gain on an uniform measure which is flat at infinity concerns
the special moments bg,? = bg,;(k).

Recall that from Lemma 7.2 and Proposition B.1 we have

1 T\ m/2
_ —s|z|? m _ —|zI? m — (=
I(s) = /e dL"(z) = sm/2/6 dL"(z) = <s> :
Using this identity and changing variables in the integral defining the moments, one can

readily check that

b” s(ul’ ey u?k)
- sk - T2kb§k,r—1/2 (u, ..., ugp)
22k . . .
= —=I(1)" —fwl? 7 [Hor
(Qk)!l(l) /(w,U1>...(w,u2k)e d[rm} (w).

Since ™V is tangent to p at infinity, by letting s | 0 (and hence r T co) we gain the
identity

) b# S(u ,...,uk) 22k
i 2 S 1) () ) 7LV )
= b‘;,i?l_v(ul,...,u%).

Since Proposition 7.7 gives

" (k
lim bZk,s(ub s au2k) _ bgk( )(ul, RN ,UQk)
al0 o ]

Y

we can compute
som 22kk!ypv($)‘2k 2 2
P (p2ky — pp LV (2R / —[¢* g gpm—1 / —t242k g Pl (4
2k (x ) 2k,1 (x ) (Qk)'j(l) Rm—1 € (6) R € ( )
Here and in what follows, we use the notation of Definition 4.5: Py, denotes the orthogonal

projection on V and Qy the orthogonal projection on V+. The integral above can be
computed explicitly (see for instance Proposition B.1) and we obtain point (i) of Lemma 9.2

below. The identity k!bgfjl—v = b;:mLV’(k) can be proved with a direct computation or one
can use Lemma 8.6.

89
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Point (i) of Lemma 9.2 provides information on the moments bgﬁll. Its proof is less
direct but not long. Here, whenever b is a symmetric j-linear form, we denote by bLL V' the
restriction of b to &)’ V.

LEMMA 9.2. Let p and V' be as in Proposition 9.1. Then
(i) B (22%) = RIbZy" Y (02) = byt "=V (02 = | Py (2) 2% for every z € R
2% 021 2% 14 yx :
(ii) bg,?_l LV =0 for every k.
Note that the case k = 1 of (ii) implies the existence of a vector w € V* such that bgl)(v) =

(v, w) for every v € R™. In order to simplify some computations it is useful to introduce the
following notation

DEFINITION 9.3. We let b € V* be such that bgl)(z) =2(b, 2).

Hausdorff distance between supp (1) and V. Recall that the moments bl(-k) satisfy the
following identities:

2%
Zbgk)(x") = |z|?* for every x € supp (u). (9.1)
i—1

By Lemma 9.2(i), the case k = 1 of (9.1) gives
2(b, z) + \Pv(x)IQ = |:U\2 for every x € supp (p),
which becomes

Qv (2)]* = 2(b,x) for every x € supp (). (9.2)
Combining Lemma 9.2(ii) and (9.2) (recall that b € V1), we obtain
|

2
2l|Qv(2)] = 2(b,Qu(z)) = 2(b,z) = |Qv(2)]*
for every z € supp (u). Therefore, we conclude that |Qy(z)| < 2|b| for every x € supp (u).
That is, the distance between any point 2 € supp (1) and the plane V' is uniformly bounded
by a constant. It is not difficult to show that also the distance between supp (u) and any
v € V is bounded. These two conclusions are incorporated in the following lemma.

LEMMA 9.4. Let i and V' be as in Proposition 9.1. Then

(iit) b (2) = Qv (2)|* and [Qv ()| < |1 for every = € supp (n).
(iv) There exists ro > 0 such that dist (v, supp (u)) < ro for everyv € V.

Coming back to (9.2), note that if we could prove b = 0, then we would conclude
supp (1) C V. As already observed many times, this would imply pu = 7L V; compare
with Remark 3.14. (On the other hand, if p = ™ LV, then

b(0) = BV () = 2sI(s)”! /V (z,u) dA™(2) = 0,

and hence necessarily bgl) = 0). Therefore, our goal is to show that b = 0 (or, equivalently,

BV = 0). In order to prove this we will make use of the case k = 2 in (9.1) and many
computations.

Properties of tr bg). The basic observations are contained in the following proposition.
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PROPOSITION 9.5. Let i be as in Proposition 9.1. Then

tr bg) =0 (9.3)

4
trog? > b

The proof of (9.3) is fairly simple.

PROOF OF (9.3). From Proposition 7.7 we have

2
bys = sbi) + %bg) + o(s?).

Therefore

tr (s~ by, ) — tr b
trby) = 2lim r(s o) Ztrby
S S

(9.5)

From Lemma 9.2(i) we conclude that bgl)(u,v) = (Py(u), Py(v)) (indeed if we define the
bilinear form B(u,v) := (P(u), P(v)), then Lemma 9.2(i) says that the quadratic forms

induced by bgl) and B are the same). Thus, tr bgl) is m, i.e. the dimension of the linear space
V. Recall the definition of b, 5. If we fix an orthonormal system of vectors ey, ..., e, on R",
then we have

n 2 2 n )
tr (s lby,) = st by o(€2) = 3’1( ) I(s)7! e sl 2, e dp
) — ’ 1 ! —

(2 2 =
o LI du(z) ) fon lalte T d2 @)
s = 2s ,
[ dul) Joo e A2 (2)
where the last equality follows from Lemma 7.2. Using Proposition B.1, we obtain

tr (s 'bos) = m,

and therefore, plugging this into (9.5) we conclude (9.3). O
The inequality (9.4) will be split into two parts:
2
tr (bg%vi) - zjbgﬂj (9.6)
2m 2
o (V) = 9.7
' ( 2 - m+2 (07)
The first part is not complicated to prove.
PROOF OF (9.6). We use again
2
bos = sbgl) + %b? + o(s?)
to conclude
tr (byLV*) — str <bgl)|_VL)
tr <b§2) I_VL) = 2lim 5
s]0 S
tr (b LV
— 2limu7 (9.8)

s]l0 82
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where, in the last equality, we have used Lemma 9.2(i).
Let e1,...,€n_m be a system of orthonormal vectors of V. The same calculations per-
formed in the proof of (9.3) yield

tr (b LVY) = 2520(s)"! / e~ S (2, e dp
=1

— 252(s)"! / P10y ()2 dp (9.9)
From Lemma 9.4(iii) we know that
Qv (2)]* = bgl)(z) for every z € supp (p) . (9.10)
Recalling that
bis(z) = stV (2) + o(s) = 2s(b, 2) + os), (9.11)

we can write

tr (bo.sLVE) (9.9)&0.
tr <b§2)I_VL) @2 211{(1)110(2'—2) (9L 41%(1)1[(8)_1/6_832551)(2) du(z)
S S S

(9.12)

O

The last inequality (9.7) is the hard core of the proof of Proposition 9.1. After proving

in Section 1 statement (ii) of Lemma 9.2 and statement (iv) of Lemma 9.4, in Section 2 we
will introduce some notation and derive an integral formula for tr (bg) I_V) (see equation

(9.14) of Lemma 9.9). In Section 3 we will study the identity (9.1) when & = 2 and prove
an intermediate inequality involving the integrand of (9.14) (see Lemma 9.10). Finally, in
Section 4 we will use these two ingredients in order to prove (9.7).

1. Proofs of (ii) and (iv)

PROOF OF (11). Since bgﬁll is symmetric, it suffices to show

by (1) = 0 for every y € V.

Therefore, let us fix y € V with y # 0. Since

" oy N I for r T oo,
there exists a sequence {z;} C supp (p) such that

Yo, Y

|71 |yl
Recall that from Proposition 7.7 we have

and |z;| — oo.

2k—2
k _ k k i
by (x7Y) = g — b5 (%) = S P (ah)

i=1
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(here we adopt the convention that the last sum is equal to 0 if £ = 1). Hence, from Lemma
9.2(i) we obtain

2k—2 2k—2
k _ k i k i
by (@) = [ — [Py = Y 0Pl > =Y o).
=1 =1
Thus,
e B e Y e A Crlay
jToo
2k—2
1 12k—1 7 —(2k—1) (k) (. 4
>~y }1%10‘%‘ ;bi (5) -

Clearly, there exist constants C’ and C such that bgk)(mz) < O'h|P < C(1 4 |2 **72) for
every i € {1,...,2k — 2}. Therefore we conclude

k
0 (Y > —Cly* Him ——— = 0.
JToo ‘I]‘
Since —y € V, the same argument gives
k - k _
_bék)q(y% = bgk)fl«_y)% 1) > 0,
and we conclude that b | (y*~1) = 0. O

PROOF OF (1v). Assume by contradiction that the statement is false. Then there exists
{.Tk} C V with
r = dist (supp (), xx) — o0.
Let yr € supp (u) be such that |zx — yx| = 7. From Lemma 9.4(iii) it follows that
dist (yg, V) < Hbgl)H. Let z, € V be such that |y, — 2| = dist (yg, V) and consider

the measures

k . —-m
He= Tk oz ey, -

After possibly extracting a subsequence, we can assume that z* = ;. Note that p* satisfies
the condition
P (Bu(z)) = wpr™ for every x € supp (p*) and r > 0. (9.13)

It might be that u* & U™(R"), since we do not know whether the origin belongs to supp (u*).
However we know that

dist (0, supp (1*)) = r; dist (2, supp (@) = 7y dist (zi, ) < r;l\b§1)| )
This, combined with (9.13), gives 0 € supp (1>°) and therefore > € Y™(R"). On the other
hand
supp (1) € {|Q()| < [bf"|/re}
and hence we conclude supp () C V. This, together with p*> € U™(R"), implies u> =

J™LV (compare with Remark 3.14).
If we set wy := x), — 2, we have that

limM = 1.
nfoo Tk
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Therefore, we can assume that wy /7, converges to a u € V. Since p(B,, () = 0, we
obtain p*(Bj(wy/rx)) = 0 and therefore we conclude ;*(B;(u)) = 0, which contradicts
pe ="LV. O

2. An integral formula for tr (b? I_V)

We start this section by introducing some notation.

DEFINITION 9.6. We let v be the measure (21)"™/2e~ PR m V.

Next we consider two linear maps w : >V — R" and b € Hom (O*V,R), as defined
below.

DEFINITION 9.7. We let w : @2 V — R"™ be defined by
(wu?),w) = 3b§2) (u? © w) — 4lu|*(b, w) for every u € V and every w € R".
We let b € Hom ((O° V,R) be defined by
b(u?) = b (u?) + (w(u?),b) .
REMARK 9.8. Note that from Lemma 9.2(ii) and Definition 9.3 it follows that
(wu?),w) = 0 for every u,w € V.

Hence, w(u?) takes values in V4 and we can regard it as a linear map w : @2 V-V

We are now ready to state the formula which is the main goal of this section.

LEMMA 9.9. Let p and V' be as in Proposition 9.1. Then we have
tr <b§2)I_V) = /[3(1)2) dy(v) . (9.14)

PRrOOF. First of all, recall that ng) LV is symmetric. Therefore, there exists a system

of orthonormal coordinates vy, ..., v,, € V such that the corresponding orthonormal vectors
. ) 2 . ) ) }

1, ..., €n are eigenvectors of by~ with corresponding real eigenvalues 34, . .., 3,,. This means
that

/ b2 (0?) dy(v) = / (B2 4 ..+ B dry(v)

= &+a”+@n:tr@9LV>, (9.15)

where we have used Proposition B.1 to compute the second integral.
Hence, in order to conclude (9.14), we have to prove that

/(w(vQ),b) dy(v) = 0. (9.16)
Step 1 Using the same argument which gives (9.15), we conclude that

|Py(2)|? = /(z,v)2 dy(v) for every z € R™. (9.17)
v
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Next, let v € V and w € V+. We use the definition of the moments by , and the expansion
(7.7) in Proposition 7.7 to compute

pits % / e (2,002 (2 = bw) du(z) = 3657 (0 © w) — 46" () (b, w) .
Recalling that 6" (v2) = | Py (v)|2 = |v|% we then obtain
1{51 % / e (2 0)2 (2 — bw) du(z) = (w?), w). (9.18)

Therefore, we can compute

[t mane) 2 [ B[ e by i) o

slo I(s)
T I
i [(s)/ ( b,b>/v< 12 d3(v) dpu(2)
(9;7) lsifgl%/eSz2‘Pv(Z)‘2<Z_b>b>d:U(Z)‘ (919)

Step 2 Next, consider any w € R™. Using again Lemma 9.4(iii) and Lemma 7.2 we
obtain

] [ Qe ~ b dute)

< APl [ e (2] + b)) dul2)
— APl [ (o] ) d 2 ).
Rm

Therefore, using Proposition B.1 we conclude

im—— [ esl#P z—b w z) = 0. .
! ()/ Qu(2)P (= — bw) du(z) = 0 (9.20)

sl0 [

Next, we will show that the following limit exists and is 0:

limi/ =512 212 (2 — b, w) dpu(z) - (9.21)

sl0 I(s)
First of all, if we fix a system of orthonormal vectors ey, ...e, we can write
lsll%lﬁ/ —s|z]? |Z‘ (z—b,w) du(z 12181%1]_/ 5|z|2<z7 ei>2<z—b, w)dp(z). (9.22)

Using Proposition 7.7, one can easily check that the limit (9.22) can be expressed as a linear

combination of b’ (¢2 ® w) and b (e2) (by this we mean that the coefficients of this linear
combination are independent of the uniform measure p). Therefore, the limit (9.21) exists.
Next, we write

—s|z |2 20, _
S —s|z|? 2 —m 2f6 Z| <Z b7w> du(Z) . ——m/2 ‘](8)
m/e 1212 (2 — b,w) du(z) = / g = g Pl
Note that )
J(s) —L [ ez — b,w) du(z)
s im SR :



96 9. FLATNESS AT INFINITY IMPLIES FLATNESS

If there exists a vanishing sequence of positive numbers {s;} such that {.J(sx)} is bounded,
we conclude that limg, J(sk)/s,;l_m/2 = 0, and hence that the limit (9.21) is zero.

If instead lim, J(s) = oo, then, recalling that I(s) = 7™/2s™™/2, we can use De L'Hopital’s
rule to conclude

b w) di(2)
.S P2y om . Je (z —b,w) du(z
15%1 T0s) /e |2|7(z — byw) du(z) = S 15%1 p—
m . [e 1 (2 — b w) du(z)
= —lim .
2 slo I(s)
Note that
1 1
lim s [ € ) duGe) = 3 w) = )
and
1
@/ e b, w) dp(z) = (bw).
Therefore, we find
lgﬂ)l%/e_s|z|2\z|2<z—b,w> du(z) = 0.
Combining this with (9.20) we obtain
l?m/ e Py (2)[2(z — bw) dpu(z) = 0. (9.23)

In the particular case w = b, the last equality can be combined with (9.19) to give (9.16),
which completes the proof. U

3. An intermediate inequality
In this section, we use the identity (9.1) when k = 2 to derive an inequality involving b.

LEMMA 9.10. Let i and V' be as in Proposition 9.1. Then

(v) 07 (2) +857(22) + 307 (P (2))” © Qu(2)) = [Qv(DP(1Qv ()P + 2P (2))-
(vi) For every v € V we have

. 2 )
(b(v2)) < Jw@?)]’ b2 (9.24)

PROOF. (v) First of all we prove
b:(f) (veOw?) = b:(f) (v*) = b:(f)(w:g) =0 for allv € V and w € V*. (9.25)

Recall that Lemma 9.2(ii) gives b:(f) (v3) = 0 for every v € V. Next, let v € V and w € V+
be given. From Proposition 7.7 we have

b (v o w?) = 13%1 25 %b3 (v O W?) = lg(r)l % / e (2 o)z, w) dp(z) . (9.26)
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Clearly |[(z,v)|] < |z||v]. Moreover, since w € V*, (z,w)? = (Qv(2),w)? < |Qv(2)]*|w|*
Recalling Lemma 9.4(iii), we can bound the integrand in (9.26) with |v||[b{”|2w|?, and thus
we obtain

_ 8s[v| |V w)? a2
B wowt) <t SRR et g
1
1 L e

. —s‘a:‘Q m
im ) /me |z| dL™ () .

m/2

Changing variables in the last integral, recalling that I(s) = (7/s)™/*, and using Proposition

B.1, we obtain

: 4 ~slal? m o, st
lim s/(s) e |z| dL™(x) = imC—————= = 0.

A similar computation yields b:(f) (w?) = 0 for w € V+ and completes the proof of (9.25).
We now come to (v). Fix z € supp (¢). Then from Proposition 7.7 we have

0 (2) + 07 (%) + 07 (%) + 07 (1) = el
Lemma 9.2(i) implies | Py (2)|* = b (24). Moreover, we have the elementary identity |z|* =
[Py (2)|* + 2Py (2)P|Qv (2)* + |Qv (2)]*. Hence, we have
b7 (2) + 157 () + 087 (%) = 1Qv(DP(IQv(2)F + 2| (2)) (9.27)

Moreover, we can write

b7 (%) = 07 (Pe(2) + Qv(2)?)
and using (9.25) we obtain

b (%) = 36 (Pr(2)? @ Qu(2)).
Substituting this into (9.27) we obtain (v).

(vi) Fix v € V. From Lemma 9.4(iv) one can show the existence of ¢; T 0o, v; € V' and
w; € V+ such that

tiv 4+ v; +w; € supp (p) and lv; +w;| <o
We can assume that, up to subsequences, w; — w for some w € V+. Applying (v), we have
B (v + v; + w;i) + b ((tiv + vy + w;)?) + 3b§2)((tiv +v;)* © w;)
= 20t + oil*|wil* + fwi*.
Dividing by #? and letting 7 | co we conclude
b (0%) + 36 (v @ w) = 2JvfPlwl?.
On the other hand, since t;v + v; + w; € supp (p), from Lemma 9.4(iii) we have
BV (tiv + v; + w;) = Jwg]?.

Since t;v + v; € V, from Lemma 9.2(ii) we conclude bgl)(tiv +v;) = 0 and hence



98 9. FLATNESS AT INFINITY IMPLIES FLATNESS

Letting i T oo we find that bgl)(w) = |w|?. Therefore, recalling Definition 9.7 and the fact
that bgl)(w) = 2(b, w), we conclude that

b (v2) + (w(?),w) = 0

(9.28)
lw|? = 2(b,w).
Set ¥ := w — b. Then from (9.28) we have
[0 = [wl* = 2(w,b) + b]* = [b]* (9.29)
and (recall Definition 9.7)
b(v?) + (w(v?),0) = 0
Therefore, we conclude
(b)) < o 1P 2w . (9.30)
U

4. Proof of (9.7) and conclusion

We are now ready for the last computations leading to (9.7) and hence to the proofs of
Proposition 9.5 and Proposition 9.1.

PROOF OF THE INEQUALITY (9.7). Step 1 Recall the identity (v) of Lemma 9.10
0 = B7(2) + 057 () + 3657 (Pr(2))* © Qv (2) — [Qv(2)l' = 2P (2)PIQu () (9.31)
Moreover recall the identities
Qv (2)
Inserting them into (9.31) and using the forms b and w of Definition 9.7, we obtain
0 = b((Pr(2)) + (w(Pr(2)). Qu(2) = b) + 11" (2)
+2b8%) (Py(2) @ Qv(z)) + o (Qv(2)?) — (bgl)(Qv(z)))2 for every z € supp (u).

From Lemma 9.4(iii) we know that |Qy (z)| < [|b{"|| = 2|b|. Therefore, there exists a constant
K which gives the following linear growth bound

‘IA)((PV(Z))Q) + (w((Pv(2))?),Qv(z) — b>‘ < K(|2|+1) for every z € supp (p).

Hence, from Lemma 7.2 and Proposition B.1 we conclude

2 et ey 0 (Qu (=) for every = € supp (4).

i sup |75 [ [b((P) + (P P). Qrle) = )]
< Klsifg%/es'z'?(\z! +1) du(z)
= KE?S% /Rm e’s|x|2(\xl +1)dL™(z) = 0. (9.32)
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Step 2 From Proposition B.1 we compute
/(C,v>4d”y(v) = 3|¢|* for every ( € V. (9.33)
v

Indeed, fix orthonormal coordinates z1,...,x,, on V in such a way that ¢ = (|(|,0,...,0).
From the definition of v we obtain

/<C,v>4dv(v) = (27T)‘m/2/ ¢C[*zte 12 dr = \g|47r—m/2/ dyte P gy
1% R™

m

= 4¢|*m? (/ e W’ dy') : (/ ylevi dyl)
Rrm—1 R
3
_ 4‘<’47T—m/2 (,ﬁ(m—l)/?) (ZW—I/Q) _ 3‘<’4

Similarly, if y, z € V' are orthogonal, we fix orthonormal coordinates z1, ..., x,, on V so that
y=(ly],0,...,0) and z = (0, |z|,...,0) and we obtain

/<y’v>2<z’“>2d7(v) = 4)y?|z|Pam/ (/ 6|y'|2dy’)
v -

( / yle vl dyl) : ( / yse Vs dyQ) = |y]lz[*  (9.34)
R R

[ apae = agpae ([ o)

. (/ yle_y% dyl) . (/ yg’e_yg dyg) = 0. (9.35)
R R

For general y, z € V, we write y = £ 4+ az, where £ L ¢ and we compute

/V (. 0)2 (2 02y () = /V (€,0)2(z,0)? dy(v) + 2 / (€,0) (2, 0) dr(v)

+a [ ) S
\%

= (I +a®l2")|2” + 2(al2*)* = [yl*” +2(z,9)*. (9.36)

Now we fix y € V and w € V+ and we compute

/V (4, 0)2(w(v?), w) dr(v)

and

" 1EP12 P + 3072

(9.18) . 8s la)2 9 9

= l;{(r)lm/e =2 — b, w) {/V@/,v} (z,v)*dy(v)| du(z)
(9.36) . 16s |22 2

= 18%1@/6 - (z = b, w)(z,y)" du(z)

2
+ lim % e~ Py (2)|2 (2 — b, w) du(z)

(9.23)+(9.18)

2(w(y?), w) . (9.37)
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Therefore, we have

[ () ) < [ o

(9.18) 2lim 85 el (2 )2 (2 — b w(v? z v
ptim | 75 [ e e = ) dule) dr (o)

b lim 8(2) /eSZQ/V<Z,U>2(Z—b,w(v2)>d'y(v) du(z) .

le

Recall that in Remark 9.8 we noticed that the values of w are all contained in V+. Thus
(z —b,w(v?) = (Qv(z) — b,w(02)> Moreover, since supp () =V, we can write

/V<13(v2)>2 dy(v) = |b]*lim — / —s|2|2/ (Py(z Qv (2) — b w(v?)) dy(v) dpu(2)

slo I(s

D i }(6> [ o((Pr2)). Qua) - b) s
" el s [ (R dute
— 16 / P ((Po(2) ALV (2) (9.38)

where in the last line we have used that LV is tangent to u at infinity.
After a change of variables, we conclude

~ 2 ~
/ (5%)" dr(v) < —spoP / b(v2) dr(v) (9.39)
v 1%
Step 3 Let 1, ..., B, be the eigenvalues of b and fix coordinates vy, ..., v, on V in
such a way that the unit vectors ey, ..., e, are the eigenvectors of b. Then we have
[t ar) - / B 4.+ B2 dy(v)

v

= o+ B = trb (9.40)

and

/‘/@(“2))2 dy(v) = /V(ﬂlvar---Jrﬁmvﬁ@)Q dy(v)
- g:ﬂf/v dy(v +22ﬁg@/ 23 dy(v).

7>

Recalling (9.33) and (9.34) we obtain

/V<3(v2)>2d”y(v) = 3252+22@@ — (i@) +2§:ﬁf.

AV
N
—
+
SRS
~
VR
E
=
~__—
(3%
I
/N
—
+
SRS
~_
L u— |
—
pox
QU
=
[\
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Therefore, from (9.39) we conclude

(+2)|[ zS(v?)dv(v)r LG

. 2\ ! 2m
b(v?) d > — 1+ — 8> = ————|b
[ = - (1+2) s = -2

Combining (9.41) with Lemma 9.9 we obtain (9.7). O

and hence
W2

( (9.41)

PROOFS OF PROPOSITION 9.1 AND OF PROPOSITION 9.5. Concerning Proposition 9.5,
note that (9.3) is proved in the introduction of the chapter, whereas (9.4) follows from (9.6)
(which is also proved in the introduction of the chapter) and (9.7).

Coming to Proposition 9.1, note that (9.3) and (9.4) give bgl) = 0. By Lemma 9.4(iii)
this implies supp (1) C V. As already remarked upon many times, since p is an m—uniform
measure and V' an m—dimensional plane, this implies that ¢ = LV, which is the desired
conclusion. U






CHAPTER 10

Open problems

This chapter contains several open problems related to the topics of these notes, which I
collected with the help of Bernd Kirchheim.

0.1. Lower and upper densities and Besicovitch’s 1/2—Conjecture. As already
mentioned in the introduction, the Theorem proved by Preiss in [25] is stronger than the
one exposed in the second part of these notes. We recall it here for the reader’s convenience
(cp. with Theorem 1.2).

THEOREM 10.1. For any pair of nonnegative integers k < n there exists a constant
c(k,n) > 1 such that the following holds. If u is a locally finite measure on R™ and

B, o B,
0 < limsup'u(ik(x)) < ¢(k,n) hmlnfu(ik(:t)) < 00 for p—a.e. x € R*, (10.1)
rl0 r rl0 r

then p is a rectifiable k—dimensional measure.
The following is an outstanding open problem.

PROBLEM 10.2. What are the optimal constants c¢(k,n) for which Theorem 10.1 holds?
How do they behave forn T oo?

Very little is known in this direction. In his paper, Preiss shows that ¢(2,n) converges
to 0 as n T co. There is a striking difference with the case k = 1: Moore proved in [23] that
c(1,n) > 1+ 1/100 for every n. This fact gives a glimpse of why the case k > 2 of Theorem
1.2 is much more difficult than the case k = 1.

A natural interesting case of Problem 10.2 is given by measures yu of the form s#*_ E for
some Borel set E. In this case the upper density 6%*(yu, ) is necessarily less or equal than 1
at p—almost every point x. Therefore, as a corollary of Theorem 10.1 we conclude that

COROLLARY 10.3. For any pair of nonnegative integers k < n let c(k,n) > 1 be the
constants of Theorem 10.1. Then, any Borel set E with 0 < #*(F) < oo such that

alk,n) = clk,n)™ < 08B, ) for #*-a.e. v € E (10.2)
1s a rectifiable set.
Thus we can ask the following question.
PROBLEM 10.4. What are the optimal constants a(k,n) under which Corollary 10.3 hold?

Though clearly a(k,n) < [e(k,n)]™", it is not known whether one can control a(k,n)
from below with ¢(k,n). The optimal constant a(1,n) was conjectured long ago in [2]. This
is the famous Besicovitch 1/2-Conjecture:

103
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CONJECTURE 10.5. If E C R? is a Borel set with 0 < #'(E) < oo and 01(E,z) > 1/2
for ' —a.e. z, then E is rectifiable.

In his seminal paper [2] Besicovitch proved the bound «(1,2) < 3/4. His proof generalizes
easily to show that a(1,n) < 3/4 for every n. The bound «(1,2) > 1/2 was already proved
by Besicovitch in [2] (see also [5]). More precisely he exhibited a purely unrectifiable set
E which has lower density equal to 1/2 #'-almost everywhere. Besicovitch’s estimate
a(l,n) < 3/4 remained for long time the best until Preiss and Tiser in [26] improved it to
a(l,n) < (24 1/46)/12. A more important feature of their proof is that it actually extends
to general metric spaces. Recent attempts to solve Besicovitch’s Conjecture can be found in
[6] and [7]. Concerning the value of the optimal constant c¢(k,n) for general k and n very
little is known. In [3] Chlebik proved that a(k,n) > 1/2.

An “e”—version of Marstrand’s Theorem 3.1 is valid as well. More precisely the following
theorem holds and its proof is a routine application of the techniques introduced in Chapter
3.

THEOREM 10.6. Let o« € RT\N and n € N. Then there exists a positive constant (o, n)
such that

B B

L ({a: :0 < limsup u(Br(z)) < (1+¢(a,n))lim infw}) =0, (10.3)
10 ro 710 re

for every measure p.

PROOF. Let € > 0 be a fixed positive number. Arguing with a blow—up procedure as in
the proof of Marstrand’s Theorem 3.1, in order to show the conclusion of the theorem for
this particular ¢, it suffices to show that there are no non—trivial measures v such that

wWar® < v(Bp(x)) < (14 &)war” for every x € supp (u) and every r > 0. (10.4)

So, if the theorem were false, for every € > 0 there would exist a measure v, with 0 € supp (v;)
satisfying the bounds (10.4). By compactness, a subsequence of {v.}.o converges to a
measure vy € U*(R™). But we know from Proposition 3.5 that %(R") is empty for every
a € Rt \ N. This gives a contradiction and concludes the proof. O

As above, we can ask

PROBLEM 10.7. What are the optimal constants e(a,n) for which Theorem 10.6 holds?
How do they behave as n T co?

Even the following question is yet unsolved.
PROBLEM 10.8. Let a € RT \ N. Does liminf, e(a,n) > 0%

0.2. Noneuclidean setting. Another outstanding problem is to extend the validity of
Theorem 1.1 to more general geometries. In particular the following natural conjecture (see
for instance [4]) is widely open.

CONJECTURE 10.9. Let X be a finite-dimensional Banach space, o a non—integer positive
number and p a measure on X such that

B,
0< liﬂ)l u(Br(z)) < 00 for p-a.e. v € X, (10.5)
r re

where B,.(x) denotes the intrinsic ball of radius r and center x. Then u = 0.
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For o €]0,1[ the answer to the Conjecture is affirmative and follows from a metric
version of the arguments of Marstrand in ([15]). The following much more challenging case
of Conjecture 10.9, recently proved by Lorent in [14], is the only other known extension of
Marstrand’s result.

THEOREM 10.10. Congecture 10.9 holds for o €]1,2[ if the balls of X are polytopes.

EXAMPLE 10.11. It is not difficult to see that Conjecture 10.9 does not hold for gemeral
metric groups X. For instance one might take X = R with distance d(z,y) = |y — x|/ and
the measure yu = <, for a €]1,2] (cp. with [4]).

A natural generalization of Preiss’ rectifiability theorem is the following.

CONJECTURE 10.12. Let X be a finite—-dimensional Banach space, k € N a non—integer
positive number and p a measure on X such that

B,
0< liﬂ)l ,u(ik(x)) < 00 for p-a.e. v € X. (10.6)
r r
Then 1 is a rectifiable k—dimensitonal measure.

For more general metric spaces X this Conjecture fails (take X as in Example 10.11 and
choose aw = 2). Clearly the case k = 0 is trivial. The case k = 1 follows by a suitable
modification of Besicovitch’s arguments. For £ > 2 the validity of Conjecture 10.12 is known
only in the Fuclidean space. Even the following stronger version is open:

CONJECTURE 10.13. Let X be a finite-dimensional Banach space, k > 2 an integer and
E a Borel set of R with finite €% -measure such that

k
lim H(EN B.(x))
rl0 wyrk

=1 for #*-a.e. v € E. (10.7)

Then E is a rectifiable k—dimensional set.

In the model case X = ¢2_ (i.e., R® with the cube norm) Lorent carried out a considerable
part of Preiss’ strategy in [12]. The situation here is much more complicated because of the
large abundance of uniform measures (see the next section for a related problem).

0.3. Uniform measures. We start this section by defining uniform measures, a suitable
generalization of k—uniform measures.

DEFINITION 10.14. A locally finite measure p on R™ is said to be a uniform measure if
for every r > 0 and for every x,y € supp (u) we have u(B,(x)) = pu(B,(v)).

The following elegant theorem of Kirchheim and Preiss (see [10] and Theorem 3.11)
proves a strong regularity property of uniform measures (the proof is reported in Appendix

A).

THEOREM 10.15. If v is a uniform measure, then supp (i) is a real analytic variety, i.e.
there ezists an analytic function H : R" — R such that supp (u) = {H = 0}.

A standard stratification result shows that analytic varieties are the union of finitely
many strata, each of which is an analytic submanifold of integer dimension. If k£ is the
dimension of the “top” stratum, then supp (¢) is a k—dimensional rectifiable set, and it is
easy to check that u = c#*L_supp (i) for some positive constant c.

The following is a very natural and hard problem.
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ProBLEM 10.16. Classify all uniform measures.

Even the very particular case of classifying all discrete uniform measures is open.

Clearly k—uniform measures are a particular example of uniform measures, and hence
the following is another very particular case of Problem 10.16

PROBLEM 10.17. Give a complete description of U*(R™) for every pair of integers k and
m.

A solution of this last classification problem would yield a different point of view on Preiss’
proof, i.e. a deeper understanding of why flat uniform measures and uniform measures curved
at infinity form a disconnected set.

The case k = m — 1 of Problem 10.17 has been settled by Kowalski and Preiss in [11].

THEOREM 10.18. p € U™ Y (R™) if and only if u is flat or m > 4 and there exists an
orthonormal system of coordinates such that u = ™ 'LC, where C is the cone {x? + 22+
r§ = i}

Flat measures and measures of the form ¥V x C (where V x C' C R"* x R* is the

product of a linear subspace of V' with the light cone C') are the only known examples of
k—uniform measures. Therefore even the following seemingly innocent question is still open:

QUESTION 10.19. Are there k—uniform measures which are nor flat measures nor products
between the light cone and flat measures?

A natural way of constructing uniform measures is to look for k—dimensional homoge-
neous sets Z C R".

DEFINITION 10.20. A set Z C R™ is homogeneous if for every x,y € Z there exists an
isometry ® of R" such that ®(x) =y and ®(2) = Z.

One could naively conjecture that all uniform measures are homoegenous, i.e. of the type
c*_7Z for an homogeneous set, but the light cone shows once more that this is not the
case. However the following questions are still open

QUESTION 10.21. Are there non—homogeneous uniform measures in R™ forn < 37
QUESTION 10.22. Are there non—homogeneous uniform measures with bounded support?

QUESTION 10.23. Are there non—homogeneous uniform measures with discrete support?

Conjecture 10.12 leads naturally to the study of measures which are m-—uniform with
respect to different geometries. As already mentioned, the case of /3, has a large abundance
of 2—uniform measures. For instance, if I' = {(x1, z2, f(21, 22)} is the graph of a 1-Lipschitz
function f : 2 — R, then the measure LT is a 2-uniform measures (here 72 denotes
the Hausdorff 2-dimensional measure relative to the metric space ¢2). On the other hand
A2V is a 2-uniform measure for any linear 2-dimensional subspace V. The following is
a plausible conjecture.

CONJECTURE 10.24. Let %L Z be a 2-uniform measure in (3,. Then either Z is a
linear subspace, or it is the graph of a 1-Lipschitz function f : €3, — R, up to a permutation
of x1, 2, T3.
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0.4. Exact density functions. Let us introduce the following terminology.

DEFINITION 10.25. A function h : Rt — R* is called an exact density function in R™ if
there exists a nontrivial measure p on R™ such that
p(B@))
10 h(r)
Therefore Marstrand’s Theorem 3.1 can be restated in the following way.

0<li < 00 for p—a.e. x. (10.8)

THEOREM 10.26. h(r) = r® is an exact density function in R™ if and only if « is a
natural number less or equal than n.

It has been proved by Mattila in [19] that in 1 dimension an exact density function must
satisfy the conditions

h(r
0 <limh(r) < oo or 0< limﬁ < 00. (10.9)
r10 rlo 7
Section 6 of [25] contains several results and questions about exact density functions and
more complicated variants of them.

0.5. Symmetric measures and singular integrals. Some of the ideas of [25] have
been used by Mattila and Preiss in [22] to prove the following rectifiability result (see also
the previous work [20] of Mattila in two dimensions).

THEOREM 10.27. Let u be a finite Borel measure on R™ such that 0 < 0%(u,z) < oo for
u—a.e. x. If the principal value

I y—x
1m —_—
el Jrm gy |y — x[FH

exists at p—a.e. x, then p is a rectifiable k—dimensional measure.

duly) (10.10)

In [22] the authors raised the following question

QUESTION 10.28. Assume that i = €% _E for some Borel set E with finite % measure
and that (10.10) ezists for p—a.e. x. Is it then possible to drop the lower density assumption
0% (1, x) > 0 in Theorem 10.277

If we replace (10.10) by the existence of the principal value for other singular kernels of
type Q(z/|z|)|z|~* with  odd, then the conclusion of Theorem 10.27 is false (see [9]). It is
an open problem to understand for which type of kernels one can generalize the rectifiability
result of Mattila and Preiss.

The proof of Theorem 10.27 uses a blow—up technique and a carefuly study of the tangent
measures to y. In particular, using this approach, one ends up studying symmetric measures.

DEFINITION 10.29. A measure v on R" is called k—dimensional symmetric measure if
/ (z—xz)dv(z) = 0 for every x € supp (v) and any r > 0, (10.11)
Br(x)

and there exists a positive constant ¢ such that
v(B,(z)) > e >0 for every x € supp (v). (10.12)

In [20] Mattila showed that in R? symmetric measures are necessarily sums of flat mea-
sures. In higher dimension the question whether a similar result holds is open.






APPENDIX A

Proof of Theorem 3.11

Before coming to the proof we recall that the assumption (3.6) implies the following
identity for every y, z € supp () and any p—summable radial function ¢(] - |):

[etle=shduta) = [ elle - 2D duo (A1)
(see Remark 3.15 and the proof of Lemma 7.2).

PROOF. In order to simplify the notation, from now on we denote supp (1) by S and,
given any x € S, we introduce the function f : R — R given by

f(s) = p(Bs(x)).
By (A.1), f does not depend on the choice of x € S.

Step 1 In this step we prove the following estimate:

w(B,(y)) < 5" <£)n f(s) for every 0 < s < r < oo and for every y € R™. (A.2)

Denote by F the family of finite subsets Z C B,.(y) such that
|21 — 29| > g for every z1, 20 € Z with 21 # 2.

Fix Z € F and note that the balls {B,/4(2) : z € Z} are all disjoint and contained in
Bs /4 (y). Therefore

axd(Z), (3)' = L L B(e) £ 2" Bupl) = ()

4
z€Z
and we conclude that
card (Z) < 5™(r/s)". (A.3)

This allows us to choose a set M € F such that card (M) = maxzer card (7).
Fix z € M. Then, either B,/(2) NS = () and hence p(Bs2(2)) = 0, or there exists
y € Byj2(2) NS and thus pu(Bg2(2)) < u(Bs(y)) = f(s). In any case,

p(Bs2(2)) < p(Bs(x)) = f(s) for any z € M. (A.4)

Note that the maximality of M implies that the balls {Bs/2(y)}year cover B, (z). Thus
(A.4) (A3)  ,p\n
p(B(2) < Y n(Bply) < card(D)f(s) < 5() fls).

S
yeM
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Step 2 Let us fix 2° € S and set
F(z,s) = / [e‘ﬂz—xp - e_s|z_$0|2] du(z) for x € R™ and s > 0. (A.5)

For any x € R" we can write

/e_s|z_‘”2 du(z) = /,u ({z el < ’I“}) dr = /Ol,u (B\/W(a:)> dr. (A.6)

Therefore:

e From (A.2) and (A.6) we conclude

[t aue) < 5 () /01<—1nr>"/2dr < o (A7)

and thus the integral in (A.5) is finite.
e From (A.1) we conclude that the integral in (A.5) vanishes for any x € supp (u).

Therefore, F' is well defined, finite, and F'(x,s) = 0 for any s > 0 and x € S. We claim that
F(z,s) = 0 forany s >1 = x € S. (A.8)

As we have already remarked, one implication follows directly from (A.1). It remains to prove
the opposite implication. Assume that x ¢ S and let ¢ > 0 be such that B.(z) NS = (.
Then we have

e} e}

/e—s|z—a:2 du(z) = Z/ o sle—al? du(z) < Ze_SkQEQIU,(B(k_,_l)g(.I‘))
i=1 ¥ Bk+1)e(@)\Bke (z) =1
(A2) 2 e
< 10") e (k4 1)"f(e/2) (A.9)
k=1
and
[t e = e (Bpe) = e (e, (A.10)

These inequalities imply that

75"2796‘2(1 > 2 2
lim M2 i 107y e S (1 = 0.
Pz k=1

Therefore, for s large enough, F(x, s) must be negative.

Step 3 We now define

H(z) = /1006_32F2(x,s)ds. (A.11)
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Recalling (A.7), we have

Fzs) < 2 < / g sle=al? du(a:))Q +2 < / gslz=a®l? du(a:))Q

< 2.5 ([ -y dr)2

< 2-5%[f(1)]? (/01(—1117“)"/2 dr) for s > 1. (A.12)

Thus H is finite and moreover, by (A.8), H(x) = 0 if and only if 2 € S. To complete the
proof of the theorem we just need to show that H is analytic.
First of all, note that H can be extended to a complex function of C™ by simply setting

H(&,...,&) = /OO e {/ (e‘szj(zf_fj)2 - e*s|zf’co‘2> du(z)r ds (A.13)
1

for every (&,...,&,) € C". We will now show that this extension is holomorphic.
First of all, set

0‘2

h(87 275) = e_szj(zj_gj)Q _ e—s‘z—$

[e'e) 2
e = [T | [z au)]| o
Next note that

—sla— 2 2 (5 . ey 0|2
h(S,Z,f) = ¢ s|lz—Re&|*+s|Im&|?42si(2—Re &) Im&_6 s|lz—2P|

Thus, we can write

Y

from which we obtain
|h(s,2,6)] < e =o' 4 geltmeFeslzmRee”, (A.14)

We use this inequality to estimate

' [r6z0ae)| < [ins 01

< 681m52/es|zRe§2 d/L(Z)—}-/es'ZIO'Q d,u(z)

(A7) )
< (1  eslme] ) for s > 1. (A.15)

This gives
|H(&)] < 0/6_52 <1+623|Im§|2) ds < o0.

Next note that we have

a—_h(s,z,ﬁ) =0 for every j. (A.16)
H

Fix a direction w € C". We want to show that ?97 exists at every & and that

e = /1006—822 {/h(s,z,i) w2 [ 5052, du(z)] ds. (A7)
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This, together with (A.16), would imply that H is holomorphic and completes the proof.
Therefore, fix £,w € C™ and consider

H —H o
telﬂi%r,rtllo (§+t°‘;) 9 — telﬂi%r,rtllo 1 e ? [/(h(s,z,§+tw) + h(s, 2,€)) du(z)
/ h(s,z,&+tw) — h(s, z€)
t

d,u(z)} ds.
Recalling (A.14), for fixed ¢ and w, and for ¢ < 1 we obtain
fogwp(2) = [|h(s,2,& +tw) + h(s, 2,8
S CeCs <€—s\z—$o\2 +€—s\z—Re(§+tw)|2 +e—s|z—Re§\2> ]

Therefore, it is easy to see that there exists fs ¢, € L'(u) such that fye,; < fsew for every
|t| < 1. From the Dominated Convergence Theorem, we conclude

lim [ (h(s, 2, &+ tw) + h(s, z,€)) du(z) = 2 / h(s,z,&)du(z) . (A.18)

)

Next, consider
’h(s, z,§ +tw) — h(s, z,§) ’ < ) 752,(,2].,5].)2) oSt (305w H2 (5 ) wi) _
e J

t

t

For any given complex number o we have
efsta -1 efstRea -1
t t '
Using this elemetary remark, simple calculations lead to
h(s,z,&+tw) — h(s, z,€)
t

where the constants C' and C; depend only on ¢ and w. Thus, again by the Dominated
Convergence Theorem,

< €s|Rea\

' < OeCse—s|z—Re5\2+Cs|z—Re§\ < CveC'1S‘S—S\"J—Refp/?7 (Alg)

. h(s,z,&+tw) — h(s, z€) B oh
i / o) = [ s (A0
Next, from (A.15), it follows easily that
e / |h(s, 2,& +tw) + h(s, 2,€))| du(z) < Ce?s (A.21)

Similarly, by (A.19), the same computations leading to (A.15) give

/ h(s, z,& 4+ tw) — h(s,z,§)
t

Hence, by (A.21) and (A.22) we conclude
e [ Ih(s. 26+ 1) 4 (5,2, )] du(2)

. / 'h(s, z,§+ tu;) - h(S, Z?é) ‘ d/L(Z) < 01608_82 . (A23)

'd,u(z) < Ce. (A.22)
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Therefore, by the Dominated Convergence Theorem, (A.18), (A.20), and (A.23) give (A.17).
U






APPENDIX B

Gaussian integrals

ProrosITION B.1.

m!
2m+17rm
2m+1)(2m—-1)...3-1

/m 2% e dm(2) = <j —1+ %) <1 + %) %ﬂ.mﬂ

Wom+41 = $2m+1(31(0)) -

P ggmiyy —  Mm(mr1))2
fL e ez = pe

/ Elkas o127 dL™(z) = (j + mT) o (1 + m2 ) mew am+1)/2

(m + Vw1

PROOF. (i) Note that from Fubini’s Theorem we have

/ e*\zP dgm(z) _ / efszzgfwfﬁn d2’1 dz2 .. .dzm = |:/ 67962 d.,fl(x)] .
m m R

When m = 2 we obtain

{ /]R ex2d$1(x)r = /IR 2e*|2|2d.$2

> 2
= / 2nre” " dr = —mwe "
0

and hence
/ e d L (z) = 72,
R

Using again (B.7) we conclude
/ e PP dem(z) = 72
(ii) Recalling that 72"~ 1(0B,(0)) = 2mwy,,r*" !, we obtain

o
/ e I=? dL*™(z) = / 2Mmwa,, 12! e dr.
R2m 0
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Writing r2m—le"" = p2m—2 (Te_TQ) and integrating by parts we obtain
° 2m—1 2 o0 p2m=3 2
megm/ r"m e dr = megm(Zm—Q)/ 5 e " dr
0 0

o0
= 2m(m—1)a}2m/ P3¢~ dp
0
By induction we have
2 * 2
/ el AL (z) = mlem/ 2re™" dr = mlway,
R2m 0

and hence from (B.1) we conclude wy,, = 7™ /m/.

(iii) Again using polar coordinates and integrating by parts we obtain

om+1)2m—1)...3-1 [* _,
(2m + 1)( T;lm )3 / e
0

_ 2
/ e 7l AL (2) = womat
R2m+1

Therefore, from (B.1) we have

2m+1)@2m—1)...3-1 ,

= w2m—|—1 2m+1 ™ )

from which we conclude (B.3).

(iv) It is easy to check that
ofPie B = o2, e = a2 (/2,9 ()

Using this observation and integrating by parts we obtain

1

/ i 12[¥e P dem(z) = 5 / ) [div (|22 ~22)] e .2 (2)

1 , 2
- ; / (2] — 2+ m)| =[P 2 d.2m(z).
By induction we find

/m lz[¥Ye P dgm(z) = (j -1+ %) (j -2+ %) (1 + %) %/m e P d.em(2) .

Using (B.1) we conclude (B.4).

(v) Integrating by parts as above, we compute

/ ‘Z’2j+167|z|2 dgm(Z) _ (]+mT_1) (1+mT_1) /’z‘ez2d$m(z).

Using polar coordinates we conclude

/ lzle ¥ dgm(z) = mwm/ rme" dr .
m 0
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Note that
1

& 2 o 2
re " dr = ———— m+ Dwpeir™e™ " dr
/0 (m + 1)Wm-I—l /0 ( ) i

v / eI dpmt ()
(m + Dwimi1 Jrms
from which we obtain
/ l2le”*F dgm(z) = —m  plmin/z

(m 4+ 1)wm1
Therefore, we conclude

- —1 m—1 mw
2j+1 —|z|2 d.gm _ . m 1 m (m+1)/2
/m |z|% e (2) (j+72 e\ T (m+1)wm+1ﬁ :
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